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lLecture notes of a seminar on multiple grid methods

by

P.W. Hemker

ABSTRACT

These are lecture notes of a seminar given by the author in the spring
of 1981 as an extension of a Capita Selecta course of Prof. P.J. van der
Houwen at the University of Amsterdam. In these notes some material has been
collected that is basic to the theory of multiple grid and related iteration
methods.

In this report the notes are in a preliminary form; neither do they con-
tain all the material that should be included in a multiple grid course,
nor are they in their final shape. Therefore, the report is intended for
limited distribution only and the author will appreciate comments by readers.

In the first two sections a short introduction to boundary value prob-
lems and their discretization is given. Here we find the definitions of re-
lative consistency and convergence in a sequence of related discretizations.

The third and the fourth section are devoted to the Defect Correction
Principle. First the basic principle is explained and examples are given.
Further different generalizations are treated. In the fifth section the
multigrid algorithm is explained in terms of the defect correction principle.

A sketch of a convergence theorem is given.
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1. BOUNDARY VALUE PROBLEMS

In this first section we describe boundary value problems. We give ex-—
amples and we mention a number of properties that we shall need in the se-
quel.

Before we make some remarks about boundary-value problems for differen-

tial equations, we consider first integral equations of the an

kind because

of their resemblance with the differential problems in several respects.
Besides the description of the problems, we give a short description

of the discretization methods that are used to find their numerical solu-

tions. The Multi-Grid Methods that will be treated in the following sections

are efficient means to solve the large systems of equations that arise from

these discretizations.

1.1. Integral equations

Let @ ¢ R" be a bounded domain, then the equation

(1.1.1) u(x) = J k(x,y,u(y))dy
Q

where k: @ x Q x ¢k > Ck

is a given function and

u: Q> Ek

is the unknown function, is called the Urysohn integral equation; k is

called the kernel function of the equation.

If the kernel-function is linear (or, more precisely, affine), then

the equation is a Fredholm integral equation of the an kind and can be

written as



(1.1.2) u(x) = { k(x,y)u(y)dy + £(x)
Q

where
us: -~ RP

is the unknown function and

k:QxQ~- Cka

f:Q->¢C

are given.

Although many properties of the integral equatioms (1.1.1) and (1.1.2)
can be treated for the vector—equation (k>1) and for a more-dimensional
domain (n>1), we shall restrict ourselves mainly to scalar equations (k=1)
on a one-dimensional domain Q = [0,1]. Solution methods for k > I and
n > 1 are generally analogous to those for k = 1 and n = 1 but the general
treatment would complicate the notation.

Often we consider only integral operators over the field R instead of
over the field €.

Equation (1.1.2) can be symbolically written as
(1.1.3)  u=ZKu+ £,

where K denotes the linear integral operator defined by the function k.

If the function k(x,y) is bounded in y and is differentiable in x,
then the operator K transforms any integrable function u on Q into a dif-
ferentiable function Ku on Q. We say that the operator K has a smoothing

_property. This smoothing property is an essential feature for many integral
operators and we shall exploit it in the use of our multigrid methods.

In order to formulate this smoothing property in better mathematical

terms, we recall a number of theorems and definitions from functional

analysis. (cf. Triebel, Smithies)

DEFINITION. A precompact set is a set from which each enumerable infinite

sequence contains a convergent subsequence.



DEFINITION. A compact operator from a Banach space into a Banach space is

an operator which maps any bounded set into a precompact set.

THEOREM [Triebel thm. 7.4].
Let @ < R® be a bounded domain and let k(x,y) € C(2xQ) (Z.e. k is a con-
tinuous function on the closure of OxQ), then the operator K: C(Q) - C(Q) is

a compact operator.

DEFINITION. A linear integral equation has an Lz—kernel if k(s,t): Q@ x Q > ¢

satisfies

J lk(s,t)lz dsdt = IIKH2 < ©,

lk(s,t)|ds < = Vt,

.

lk(s,t)]dt < = Vs.

THEOREM [Triebel thm. 7.5].
set Q@ ¢ R® be a bounded domain and let k(x,y) € LZ(QXQ) (Z.e. k 18 a square
integrable function over Q x Q) then K : Lz(n) > LZ(Q) 18 a compact operator.

DEFINITION. The adjoint K" of a linear integral operator K is the operator

k(t,s),

*

K

with the kernelfunction k*(s,t)

il

K is called Hermitian if K
K is called normal if KK* = K*K

b € LZ(Q) is called an etgenfunction and X ¢ € is an eigenvalue of K Zf
Ao = Ko ¢ # 0.

THEOREM [Triebel thm. 11.2].
A compact operator in a Hilbert space has at most an enumerable infinite set
of eigenvalues which may be dense only at X = 0. Each non-zero eigemvalue

has a finite multiplicity.

THEOREM [Smithies, thms. 7.3.1-7.3.3]

For Hermitian operators with L2 kermels

- etgemvalues are real,

- eigenfunctions belonging to distinet eigenvalues are orthogonal to each

other,



- for each mon-zero eigemvalue there is a finite orthogonal base of eigen—
functions: the dimension of the base is the multiplicity of the eigemvalue

- eigenvalues form an emumerable sequence A, and, counting multiplicity, we
have

(1.1.5) = 1xi?

nNe~—18

i=1
Usually eigenvalues Ai and corresponding eigenfunctions ¢i are ordered

such that
Mll > [Azl > ...

The set {(X.,d:i) l >‘i # 0, ﬂdbiﬂ = 1} is called a full orthonormal system of
i
K.

REMARK. A full orthonormal system is not necessarily complete. It may even
be finite. e.g. with k(x,y) = p(x).p(y) any function Ku must be a scalar
multiple of p. Thus there is only one non-zero eigenvalue and the full or-

thonormal system is (Hpﬂz,p/ﬂpﬂ).

REMARK. If the eigenfunctions {cb.l | Ay # 0} do not span the entire (separ-
able Hilbert-) space, then we can find - orthogonal to the span{cbi} - a
system of orthonormal functions {wj} such that {¢i} U {wj} span the entire

space. We notice that K\pj = 0 for all wj'

THEOREM [Smithies, thm. 7.4.3].

Any Hermitian Lz—kernel can be decomposed as

(1.1.5)  (®x,3) = ] 2 (x,6)(6_,¥)

n=1

where {kn,q:n} 18 its (full orthonormal) eigensystem and (-,+) denotes the
Lz—inner product.

. 2
REMARK. For an arbitrary L -kernel K both the operators k™ and K'K are

. 2 .
Hermitian L -kernels. These Hermitian operators have the same set of non-

negative eigenvalues Thus we may denote by {0.,¢ } the eigensystem of KK
and by {o ,\p } the eigensystem of K'K. The system {o. ,¢ ,1]; }, with o, > o,
is called the singular system of K.



THEOREM [Smithies, thm. 8.3.2].

2 )
Let K be a L™ -kernel and x and y Lz—functions then (Kx,y) can be decomposed
as

1.1.6 =
( ) (Kx,y) nzl o, (5,6 YW_,y) .
Further
) 0% < Il
. 1
i=1
and
b ooZ = ki’
LTS |

iff K is normal.

REMARK. The set {Xn}n~0 1.2 = {1, sin(mx),cos(mx),sin(2mx),cos(2mx),...}
T -~ ’ L) 9 * s 0
is a complete orthonormal system in the Hilbert space LZ[O,I]. I.e. any

function x ¢ Lz[O,l] can be expressed as

=]

X = z (x’Xn)Xn s
n=0

with

Hx"2 = Z |(x,xn)l2 , (Parseval equality).
n=0

Hence any orthonormal set of (eigen-) functions {¢j} or {wj} can be ex-

pressed as

<]

. = z a. x with 2 la. |7 = 1.
i 5o dn'm 5 im
o 2
Y. = ) b.x Y Ib. 17 =1
] n=0 %7 n 0

and from (1.1.6) we derive

(Rx,y) = ] (x,6,)0.(b.,y) = I x) PP o2
J jnm
The bound 20§ < HKHZ implies 1imj+m Oj = 0. From this it follows 1) that
high enough frequency components in u (i.e. Zm=k (xm,u)xm with m large
enough) will have an arbitrarily small effect in Ku and 2) that high enough

frequency components in Ku will be arbitrarily small.



1.2. Discretization of integral equations

In order to discretize the problem (1.1.2) with n = k

we consider the finite set of points

Qh = {xo,x],...,xN ] X, = i/N}.
To discretize u : Q + R, we consider

u s ﬂh - R,

u = {uO,ul,...,uN},

and we replace

[ s e

Ku(x) = | k(x,y)u(y)dy
by
Khuh(x) = Z wzh(x,xz)uﬁ, Vp # 0.
X, €0
£""h
The discretized equation (i.!.2) now reads

N
Uy = £Zo wp k(x,xp)up + £(x ),  m=0,1,...

which is a simple (N+1)x(N+l) matrix problem:

N
zz (8, pwpk(xxp) ] wp = £(x ).
=0 ’

This discretized equation we denote symbolically by

Aguy = £y

1, @ =[0,1],

How well the values {ui} approximate the values {u(xi)} depends on

1. the number of intervals N,
2. the choice of {wz},
3. the functions k(x,y) and f(x).

Typical error estimates are of the form



_ -P
m?x Iui u(xi)l < CN %,

Thus, the difficulty we encounter when we want to approximate (accurately)

the solution of the integral equation is the large (non-sparse) system of

equations to solve.

1.3. Differential equations

Let Q < Egl, then a differential boundary value problem consists of

(1) a partial differential equation for an unknown u : Q - ]Rk,
(2) boundary conditioms.

Examples of the differential equation are:

1. The Helmholtz equation
(1.3.1) =Au(x) + cu(x) = g(x) X € §

where A = Z?-l (527)2 is the Laplacian operator.
= i

E.g. with n = 2 the equation reads

(1.3.2) U~ uyy +cu-=g.

2. The general linear elliptic differential equation of 20d order.

Au =

n

2

d u du _

(1.3.3) . Z_ aij(x) 3%, 0%, .2 ai(x) 3%, a(x)u = g,
i,]J=1 171 1=1 1

where the functions aij,ai,a : § > R are the coefficients of the

tion. The ellipticity condition is

n
: §=1 a; ;e >0, Vxe @, V(G808 ) € R
3

3. The biharmonic equation

(1.3.4) 2Pu(x) = g(x) xeq.

equa-

REMARK. The order (i.e. the highest derivative available in the equation)

of an elliptic equation is always even. Usually it is denoted by 2m.



For an elliptic equation to have a unique solution, m (boundary) conditions

must be given on the boundary 3Q of Q.

Examples of boundary conditions are

1) Dirichlet boundary conditions
(1.3.5) (§%)J uG) = g0 5= 12,0, x e o,

> -+ . . . > .
where g%—= n. Vu = n. grad(u) is the outward normal derivative; n is the

outer normal direction.

2) Neumann boundary conditions, m = 1.

du _
(1.3.6) Freie h(x), X € 3f.

3) Boundary conditions "of the third kind", m = 1.

(1.3.7) EE%EL + a(ulx) = y(x), x € 9Q.

4) Mixed boundary conditions, m = 1

u(x) = g(x) > X €30,
(1.3.8)
au
——g—?— +a(x)ulx) = y(x), xc¢ 9%,
with 3Q = BQ] u 892, 391 n 392 = .

'REMARK. In contrast with the integral operators, differential operators

transform smooth (differentiable) functions into less smooth functions.
Usually we shall have for s 2 0

C2m+s

A Q) » c’@.



1.4. The weak formulation of a differential equation

Boundary value problems for differential equations often can be given

in a variational formulation.

EXAMPLE. Helmholtz equation with Neumann boundary conditioms can be for-

mulated as

(1.4.1) B(u,v) = £(v) for all v ¢ HI(Q),

where

f(v) = I g(x)v(x)dx + § h(x)v(x)dx
Q 20

is a linear functional in v; f : HI(Q) + R.

B(u,v) = J Vu(x).¥(x) + cu(x)v(x) dx
Q

is a bilinear form on u and v; B : HI(Q)XH](Q) + R.

HI(Q) is the linear space of all functions u of which u and Vu are square

integrable.

DEFINITION. The Sobolev space Hk(ﬂ), k =0,1,2,..., is the normed linear

space of all (generalized) functions with finite norm ﬂuIHk(g),

2 ~ 3 \%1,5 %2 3 %0 2
lu“Hk(Q) = la%sk ]I(g;:ﬁ (5;;) ..-(3§;) u”LZ(Q):

n . .
la] = z a;; a, are non-negative integers.

i=1

REMARK. Hk(Q) is a Hilbert—-space with inmner product

I (%%, .

(1.4.2) (u,v) X @
L

H(R) lal<k

@) = 1.2@).

REMARK. If B is symmetric:

B(u,v) = B(v,u) Yu,v € HI(Q),



and B is positive definite:

B(u,v) >0 Vu ¢ Hl(ﬂ) u# 0,
then the solution of

B(u,v) = £(v) Vv € H](Q)
minimizes the functional
(1.4.3) J(u) = B(u,u) - 2f(u).

EXAMPLE. The Helmholtz equation with ¢ 2 0 and homogeneous Dirichlet bound-

ary conditions is symmetric and positive definite.

REMARK. A function u ¢ HI(Q)

(1) can satisfy the condition
(1.4.6)  B(uv) = £(v) W e H (),

(2) and is not necessarily a CZ(Q) function.

By partial integration we easily see that any solution of Helmholtz
equation (1.3.1) with the Neumann boundary conditions (1.3.6) satisfies the
equation (1.4.1). However it is possible that a solution u € H](Q) of (1.4.1)
exists, which is not a solution u € CZ(Q) of (1.3.1) and (1.3.6). The varia—
tional or weak formulation (1.4.1) of the boundary value problem 78 a

generalization of the classical formulation of the same problem.

REMARK. The equation: find u € HI(Q) such that
B(u,v) = £(v) Vv e H ()

can be seen as an infinite-dimensional linear system. We can denote this

equation as

Au = f,
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where A is a linear operator A : HI(Q) - [H](Q)]DUAL. The Banach space

1 DUAL . - .
[H(Q)] is also denoted by H ](Q) of all bounded linear functionals on
HI(Q). We easily see that

2 @) c12(e) < 5 @)

if we identify functions f ¢ LZ(Q) with the linear functionals
f(v) = (f’V)LZ(Q)‘ Clearly Lz(Q) and H~1(Q) contain functions that are not
in H (Q); these functions we can call less smooth function than those in

1 . . . . .
H (2). Generalized functions such as the Dirac-delta function, defined by

[ 8. (Me(y)dy = ¢(x),
Q
are bounded linear functionals on HI(Q). They can be considered as func—

tions that are contained in H_I(Q) but not in LZ(Q).

Under sufficient conditions for B (e.g. B is symmetric and positive
definite), for any bounded linear functiomal f ¢ H-I(Q) we can find a solu-
tion u € Hl(ﬂ) which satisfies (1.4.4). Then A is invertible:

A lim i@ - el@

exists.
The problem (1.4.4) is called regular if A_l is a bounded operator

Al w8 ) - 5@, s > 0.

Typically A_1 maps less smooth functions into more smooth functions. With a
sufficient degree of regularity (i.e. for sufficient large s) we find

A—lz LZ(Q) > HZ(Q)
or

Al wtS ) » 525 (0).

1.5. Discretization of differential equations

In order to discretize a differential boundary value problem, we can

start either from the classical formulation or from the variational
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formulation of the differential equation. The former leads to the Finite
Difference Method (FDM) for the discretization, the latter to the Finite
Element Method (FEM). In a number of cases both discretization methods end
up with the same discretization of a given problem. In order not to obscure

the notation we restrict ourselves to 2-dimensional scalar problems (n=2,k=1).

The finite difference method

Instead of the original domain of definition Q, here we comnsider a

finite, discrete, set of points in Q

Qh = {xij l xij € Q, X5 T (l/Nl,J/NZ)}.

To discretize the function u : Q - R, we consider W ot Qh + R

The differentials in the original differential equation are replaced by

difference approximations.
EXAMPLE. With Xij = (ih,jh) e.g. we set

u, .~u. .
i+l,3 "1-1,3 -
h for u

X

and

a. . ,=2u. .+u. .
1,3+ 1, 1,771 for u etc
hz yy L

EXAMPLE. [The Helmholtz-equation with Dirichlet boundary conditioms].
For each xij € Qh we find an equation

(1.5.1) 4u.. - u

SR L B T e

2 2
.. + ch™u.. = ..
i1t ¢ Uy h f(le)

d f ..
an or each le € Bﬂh

(1.5.2)  wg, = glx)).

In the case that 3Q contains all the "neighbours" of points X, . in Qh’
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the system (1.5.1) - (1.5.2) determines

on

as many equations as unknowns uij' They form a linear system of equations

which we denote by

Aguy = fp-

From this equation u = {uij} can be computed. Under suitable conditions

the values uij approximate the values u(xij).

The finite element method

In this case our starting point is the variational formulation:
. 1
find u € H () such that

(1.5.3) B(u,v) = £(v) for all v ¢ Hl(ﬂ).

Now we select from the space HI(Q) a finite dimensional subspace S, < HI(Q)

h

and we replace (1.5.3) by:
find uh € Sh such that

B(uh,vh) = f(vh) for all v, € Sh.
EXAMPLE. We assume that Q allows a triangulation.

¢J

¢ —>

As Sh we consider the space of all functions that are continuous on £ and
linear over all small triangles into which Q is partitioned. A basis of Sh
is formed by the set of "hat—functions" ¢ij 3 ¢ij is a function which takes
the value 1 at xij and takes the value 0 at all other vertices of triangles.
Further ¢ij is piecewise linear. We see that ¢ij is nonzero only on those
triangles that share the vertex Xij and the (finite) basis in Sh is the

ser of functions
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{¢.. | x.. e 2 u 32}.
ij ' Tij

We can write any function W € Sh as

w () = Lo
1,]

and the discretized problem reads

{. B(¢ij,¢k£)uij = f(¢k£) for all ¢k,£ € B.

i,]

This linear system we denote also by

Under suitable conditions the function w approximates the solution u of

(1.5.3) and we can find error estimates which are typically of the form

2 2



15

2. DISCRETIZATION AND APPROXIMATION

2.1. Discretization of operators and spaces

Let us be given a problem
(P) Fx=1y,

where F : X > Y and y € Y are given and X and Y are vector spaces. At first
we may think of X and Y as being infinite dimensional function spaces, but

- as we shall see later in this section - this is not mecessary.

DEFINITION. (The discretization of a problem).
The discretization of the problem (P) is an associated problem

(P F

n’ h *n - Tw
where Fh : Xh > Yh and ¥y € Yh are given and Xh and Yh are (finite dimen-

sional) vector spaces with dim(Xh) = dim(Yh). d

- By selecting h ¢ H, H an <Zndex set, different discretizations of the same

problem are possible.
- The relation between the problem and its discretization is obtained by
introducing surjections Rh : X > X and §£ Y > Y.

- In order to interpret the solution of the discretized problem as an
approximation to the solution of the original problem we have to define an
. , . 5 X,
wjection Ph Xh X

- The relation between the different spaces and mappings in a discretization

is summarized in the following diagram:



16

Xh h , h e H.

REMARK. Without reference to a particular operator F, we may consider the

discretization of the spaces X and Y by considering a set of quintuples

(Xh’Ph’Rh’Yh’iﬂ)’ h € H, where
dim(Xh)

dim(Yh),
X an injection,

> Xh a surjection, and

55t 5
b

- Yh a surjection.

DEFINITION. (The discretization of a space/an operator)

The space Xh is also called the discretization of X; Yh is the discretiza-

tion of Y and Fh is the discretization of F.

REMARK. (The index set H; meshwidth)

Usually, when X is a function space over a domain in Ifl, the index h is

related to a mesh spacing. Generally, all kinds of mesh spacings are possible

and any particular discretization of X can be denoted by an Xh’ for some

h ¢ H. In particular, if only regular rectangular mesh spacings are con—

sidered, H can be identified with (a subset of) a neighbourhood of 0 in HRE.

In that case, with hi being the distance between the gridpoints in the i-th

direction, 1 <i <€ n, h = (hl’hZ""’hn) characterizes such a discretization.
To each h € H we relate a meshwidth |hl, such that |h| > 0. E.g., in

the above example we define |h| = & max (hj)' Usually, we consider families

. . . . j=l....n
of discretizations where x is such that

Ve >0 3h e H > |h| < e.

We shall often consider properties of tripels (Xh’Ph’Rh)heH’ operators
(Fh)heH etc., that hold for lhjl-—* 0, independently of the choice of the
sequence {hj} c H. These e properties we shall denote by lim and,

generally, if no confusion is possible, we denote |h| simply by h.h+0



NOTE: The index set H is not only the collection of admissible meshes
(mesh-spacings), for - in general - mesh spacings do not determine the dis-
cretizations uniquely. It is possible to define different discretizations

on the same mesh. It is also possible to define different discretizations
with the same spaces Xh and Y, . E.g. we can conmstruct discretizations with
different orders of accuracy on the space of gridfunctions defined on the
nodal points of the same regular mesh. A prescription which, given a mesh-
spacing (which should satisfy certain conditions), determines the discretiza-

tions of a problem (resp. operator or space) is called a discretization
method.

Discretization errors

Discretization methods are used to approximate the solution of problem (P)

by computation of problems (Ph). The difference between the solution X of

(P) and the solution ﬁh of (Ph) can be called the error caused by the dis-
cretization. However, also some measure of the fact that the solution ﬁh

only satisfies approximately the problem (P) can be called discretization error.

error. Thus, different kinds of "discretization errors" can be introduced.

DEFINITION. (Local descretization error)

Let x € X, then the local discretization error of x, with respect to a

discretization (Ph) is defined by
LDEh(x) = Th(x) = Fth X - RhF X.

DEFINITION. (Global discretization error)
If % denotes the solution of a problem (P) and ih denotes the solution of

its discretization (Ph), then the global discretization error of X ¢ X is
defined by

GDEh(i) = ih - Rhi.

DEFINITION. (True discretization error)
If ¥ is the solution of (P) and ih the solution of (Ph), then we define the

true discretization error by

TDEh(ih) = Phih - .
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REMARK. Clearly the global and the true discretization errors can be split

into two parts

GDE, (%) = (F;l]yh - F;ll—{hy) + (F;lﬁh}? - R) %
TDE, (%) = (PhFI—llyh - PhF;llihy) + (PhF;llf—{hy -7y,

Hence, if we consider discretizations of the type

(Pﬁ) FhXh = ﬁhy, i.e. vy = ﬁhy,

then we have

GDE, (%) = (F;l]§hF -R) %,
and

~ -1 = -1
TDEh(xh)= (Ph Fh Rh -F )y.

REMARK. We see that the different kinds of discretization errors are

mappings

LDEh : X > Yh’

GDE, : X > X,

TDEh Y > X,

Sequences of discretizations

DEFINITION. (4 sequence of discretizations)

A problem (P) has a sequence of discretizations

if H = {hp}pEZ or H = {hp} such that Ihpl < Ihp_ll and lim Ihpl = 0.

pelN P

REMARK. In a sequence of discretizations we denote

N = dim(Xy ) dim(Yy, ).
P P P

]
8

0f course we have 1lim N .
p>e P
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DEFINITION. A sequence of discretizations satisfies the regular relative
mesh property if

I < hp/hp+1 <C for all p,

with C independent of p.

REMARK. Our definition of the discretization of a problem leaves the possi-
bility that the problem to be discretized is a finite dimensional problem

itself (i.e. X and Y are finite dimensional). Hence we can discretize the

problém
(Ph) Fh Xy = Yy h e H,
to get a discretization

(PH) FH Xy = Ypo H e H,

with dlm(XH) = dlm(YH) < dlm(Xh) = dlm(Yh).

It is clear that, with (Ph) a discretization of (P) and (PH) a discret-
ization of (Ph), also (PH) is a discretization of (P). With RHh’ the surjec-
tion related with (PH) as a discretization of (Ph), RHh : Xh - XH’ we con-
struct RH = RHth’ which is the surjection related with (PH) as a discret-—

ization of (P). Analogously we construct RH = RHth and PH = PhPhH'

DEFINITION. Given two discretizations of the spaces X and Y by (Xh,Yh,Ph,Rh,ﬁh)
and (XH,YH,PH,RH,ﬁﬁ), h,H € H, these are called related discretizations if
surjections RHh and RHh and an injection PhH exist such that

A N U
Rgh ¢ Tn 7 Ywe Ranfn = Rwe
Pt w7 fe P Phu = Pae
REMARK. We see that, if two discretizations (with h,H € H) of the spaces

X and Y are related, then the coarse discretization (with H € H) can be con-

sidered as a discretization of the fine discretization (with h e H).



20

DEFINITION. (4 nested sequence of discretizations)
A sequence of discretizations is called nested iff each problem (Ph ) is

0 . 3 p
a discretization of a problem (Php+])‘

REMARK.

All discretizations in a nested sequence can be discretizations of an
original problem (P).

In a nested sequence each problem (P, ) is a discretization of (Php) iff
q < p. ¢

Also without reference to a problem (P) we may consider a sequence or
nested sequence of discretizations of the spaces X and Y.

Obviously, all discretizations in a nested sequence are related by

By "Bn  Byog R h R n By
q q g+l g+l q+2 p-2p-1 "p-1'p 'p
R, = b h s
q q g+l p-1'p p
P, =P P .. P P, . P .
hp hp- 1 hp— 1 hp-2 hq+ th+ 1 hq+ 1 hq hq

2.2. Approximation of spaces

DEFINITION. The approximation of a (normed) linear space X is a set of
triples {Xh’Ph’Rh}heH’ where

Xh is a finite dimensional (normed) linear space,

Ph : Xh + X is a linear injection, and

Rh : X > Xh is a linear surjection.

P and R, are called prolongations and restrictions respectively.

REMARK. (Supplying X and Xy with norms)

psually, the spaces X and Xh’ h e H, are normed linear spaces. However, we
emphasize that the definition of the approximation is independent of these
norms. In fact, the same linear spaces will often be supplied with various
different norms, and hence properties of the approximations that are ex-—
pressed in terms of these norms depend on this particular choice. As soon
as a particular choice of norms has been made for X and Xh we denote these

N dy .
by I+ly and I-ly

DEFINITION. For a given h ¢ H, u e X, u, € X we define:
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i)  lu - PhuhllX the difference between u and w
i) Moy - Rhu“Xh the discrete difference between u and u,,

iii) llu - Pthu"X the approximation error of u,

iv) I - Pth“Z+X the approximation error of (X PRy -

Here Z and X denote the same linear space, which is supplied with different

bl I.
norms 7 and "X'

DEFINITION. A discrete approximation of X is the set {Xh’Rh}heH’ where X, are

normed linear spaces such that for all u € X

lim IR, ull = llual_.
h-0 Rh X

DEFINITION. A sequence {u, | u, X, » h e H} converges discretely to u e X
iff

lim | - R ul = 0.
h+0uh thh

DEFINITION. (4 convergent approximation)
An approximation {Xh’Ph’Rh}heH of X is called convergent iff

lim lu - P,Rul_ =0 Yu € X.
o h x

The largest positive number p for which
- = P
Iu PthuHX 0(*) Yu € X

is called the order of approximation (or the order of convergence of the

approximation).

REMARK. Clearly, the constant C in the inequality
- p
a Pthu"X <Ch

depends on u. Generally, estimates are derived in which C depends on some

(semi-)norm of u. Then we obtain estimates
- | < chull, BP
Il PthuIX C ulz h*,

and the convergence property can be expressed as
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- = P
i1 P1Rhlz X Ch, for h » 0,

with C independent of u.
Notice here the essential difference between R-“X and ﬂ-ﬂz. Namely, let
Z =X and let N = Kernel(Rh) c X, N # {0}; then, with O # u ¢ N we have

bu - - ; -
u Pthuﬂx ﬁuix and hence §1I PthlX+X 1

EXAMPLE 1. (Finite element approximation in Sobolev spaces)
A "finite element" is denoted by (X,P,I), where K is a closed subset of rR"
K is a closed subset of R" with non-empty interior and a Lipschitz con-
tinuous boundary (K ¢ R" is also called 'finite element'.');
P is a set of linearly independent functions defined on K, (P = {pi} is
the set of 'basis functions' of the finite element);
I is a finite set of linearly independent linear forms defined over P,
(€ = {¢i} is the set of degrees of freedom of the finite element); by
definition we assume that I is P-unisolvent, i.e. dim(Z) = dim(P) = N

and for any set of real scalars {ai}f_ there exists a unique

1
pe Span(P) which satisfies ¢i(p)= as, i=1,...,N. [CIARLET, Sect. 2.3].

Let (R,P,f) be a (master) finite element, for which s denotes the
greatest order of partial derivatives occurring in the definition of T. If,
for some integers m 2 0 and k =2 0 and for some real numbers p,q € [1,=],

the following inclusions hold:

) FHPR) o @),
(ii) WP Ry o, W R,
(iii) P (R) < Pc W dR).

Then, there exists a constant C(ﬁ,ﬁ,f) such that for all affine-equivalent

‘finite elements (X,P,Z) and all functions v € Wk+l’p(K)
k+1
&35 1/q-1/p b
v - vl = 2
v vl g,k = CUGR, D) (meas () oo Vlee1,p,x 2
where HK denotes the PK~interp01ant of the function and
meas (K) : the dx-measure of K,
hK : the diameter of K,
ok : the diameter of the largest ball contained in K.

[CIARLET, Thm. 3.1.5].
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REMARK. (definition of a quasi-uniform partition)
A finite element partition is called quasi-uniform if a C > 0 exists such

that, for all Ke from the finite element partition, we have

Ch<p_ <h <h.
e e
EXAMPLE 2. (The Lagrange finite element approximation for Ck—functions)
Let £ = {XE}EQI be a k~unisolvent set of nodal points of a finite element

e
Ke c Ifl; Ke being star—shaped with respect to each nodal point from the

set Ze.Let u(x) be any function with the properties
M ue c®,
(ii) Dk+1u(x) exists for all x € Ke; i.e. the k+l-th order Fréchet-derivative

exists for all x in the finite element.

Let Ue(x) be the unique interpolating polynomial of degree < k of u(x) at
Ze. Then there exists a positive constant C = C(n,k,m,fe), independent of

u,h,p such that for each integer m, 0 < m < k, we have

K+ 1 hk+1
sup 1™ (x) - DmUe(x)ﬁ = C sup 1D "u(x)I — -

xeK xeK )
e e

NOTE. Ze = {xg}gg] is k-unisolvent iff specification of the values of
P € Pk(Ke) at the point xg from Ze determines the k-th degree polynomial
p(x) uniquely. [ODEN & REDDY, Thm. 6.6].

EXAMPLE 3. Let Q < ]R2 be star—-shaped with respect to the points (Xi’yj);
{x.} and {y.} are the mnodal points of I_ and I_; II_ and Hy being Lagrange

" ] . X yo (k+1,p+1)
projectors of degree k and p respectively. Let u(x,y) € C ? Q).
Then, for 0 <m < k, 0 < £ < p,

BD(m,ﬂ) u

(k+l,1’—)uﬂ0o pkrlm

—Ue)ﬂw < c](m,k) Ip

+ ey (L,p) 1D Dy ppHIt

-£
+ c](m,k)cz(ﬂ,p) HD(k+1,p+1)ullco hk+p+2—m ,

where U, = HxHyu(x,y) € Pk,p(g)'
Clearly, the order of convergence of this approximation is min(k-m+1,p-£+1).
[ODEN & REDDY, Th, 6.71].
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Bounded and_stable prolongations and restrictions

DEFINITION. (4 bounded restriction or prolongation)

Restrictions and prolongations are called bounded (%) if

uRhHX+Xh € C uniformly in h,
or

i < i i

Phlxh+X C uniformly in h,
respectively.

(x) NOTE: In French literature this property is often called "stability".

DEFINITION. (4 bounded approximation)

An approximation is called bounded iff its restrictions and prolongations

are bounded.

DEFINITION. (The optimal restriction related to a prolongation)
Since Ph : Xh + X is an injection, a left inverse operator ﬁh : X > Xh exists
such that RhPh = Ih; Ih being the identity operator on Xh' This ﬁh is called
the optimal restriction related to P .
DEFINITION. (Stable prolongations)

Prolongations {Ph}heH are called stable if {Ph}heH are bounded and

"Rhﬂx—ﬂ(h <C,
uniformly in h € H.

REMARK. Since Rh : X > Xh is a surjection, right-inverse operators

Ph: Xh + X exist such that RhPh = Ih' Such Ph are called prolongations re-
lated to Rh'

DEFINITION. (The optimal prolongation related to Ry)

~

The (a) right-inverse Ph, related to the restriction Rh, is called the (an)

optimal prolongation related to Rh if the norm

1s ml‘nim.al.

(Notice that the optimal ﬁh depends on the choice of this norm!)
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Analogously an optimal prolongation Ph related to ﬁh is defined.

DEFINITION. (Stable restrictions)

Restrictions {Rh}hex are called stable if {Rh}hEX are bounded and {Ph}heH
exist such that

(BN <
Ph XH+X ¢
uniformly in h ¢ H.

DEFINITION. (4 stable approximation)
An approximation {Xh’Ph’Rh}heH is called stable if all Ph and Rh from the

approximation are stable.

DEFINITION. (4 prolongation bounded from below)
A prolongation Ph (X > X is called bounded from below if

Ic>0 Vvh € xh ﬂthhHX >C thnxh.

REMARK. The above definition is equivalent with any one of the following

statements:

i) >0 W #D ]'}%l?rz.;
ii) 3¢ > 0 inf 12V 2 ¢
v#0 ¥
.o . pvl
iii) inf ﬂ771'> 0.
v#0
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LEMMA. Tf a prolongation P : X~ X is bounded from below, A : 2, + X, and

B=PA : 2 = X then 3C > 0 such that ClAl < IBl.

h
PROOF. il
: I P Al IPAwl 1 Awl Aw
= = = >
1B = IRl = swp T =SSP TR T Tl > 5P C Tl
I Awl
= = ¢ lal
Csup o = ¢4 0

THEOREM. Let R be the left inverse of a prolongation P, then

i)  Zf R Zs bounded, WRl # 0, then P is bounded from below;
ii) <f P is bounded from below, then R : PX, < X » X, s bounded
(possibly R : X » X, ©s not bounded).
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PROOF.
i) By assumption §P==I, IRI < ¢, ¢ >0,

Ivl = IRpvl < IRl lpvl < ¢ lpvl.

Therefore P is bounded from below.

ii) Since P is bounded from below

ac >0 Wve X Ipvl > C lvl;
Vv € Xh Ipel > ¢ lvl = ¢ IRPVI
-1 _ IRpvl
Vv € Xh C > Teol
-1 IRl 2
C 2 sup —“—T;.T_“— = " R" PX

wePXh h+Xh.

DEFINITION. (4 restriction bounded from below)

A restriction R : V » W is called bounded from below if

I Ryl

ac > 0 ,-IRT—H—ZC.

VO # w € RV IJv € V Rv = w

REMARK. The above definition is equivalent with

I Rl

inf  sup =C > 0.
weRV  v3Rv=w
w#0

LEMMA. If a restriection R : X - X 18 bounded from below, A
AR = B with Range(R) = Domain(A), then

3C > 0 such that IBI > clAl.

PROOF. Let X = Domain(R), Zh = Range(R) = Domain(A), then

B _ Il ARVl I ARvI 1Ryl
IBl = IARI = sup Tl = S TRl Tl >
veX veX
IARV*I 1 Rv*ll I Avell
sup * % 2 sup - C=clal.
v*eX | R 1l vl WeRX W
Rv*=Rv=weRX

Il Rv*ll =clv* Il

"

-> Zh and
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THEOREM. Let P be the right inverse of a vestriction R, then
i)  4f P is bounded then R is bounded from below;
ii) <Zf R Zs bounded from below and Domain(P) = Range (R) then P s bounded.

PROOF .

i) By assumption

¢l Bl = sup VWL g Ml o WRPW

Tol™ = 1nf = inf
w v w I pwl Yo | Pwl

Hence

IC>0 VweW IveV (vi=Pw) Ire’l = clv™l

ii) Since Domain(ﬁ) = Range(R) = RV

151 = gup VBV L) Pl _ . 15wl [inf I RPwl ]‘1
- : e MR R .
i weRV v weRV | RPwll weRV Pyl
1 . I Rf’w" . I Rl B
—— = inf = inf sup T = C. 0

I Bl weRV I Pwl weRV v->RV=w

2.3. Consistency, convergence and stability of a discretization

DEFINITION. (Comsistency of an operator)
A sequence of discretizations of an operator F is consistent on a set

A c X if

(2.3.1) lim sup IF. R u - R F ul = 0;
h>0 ueA th Rh Yh

its order of consistency is p if p € R is the largest real number p for

which
= 1
- { = h >
(2.3.2) il Fth RhF 1M ACX Yh 0(h") for 0.

REMARK. These definitions can also be written as

lim sup | T,h(u)lly 0

h>0 ueA h

and



= 0P

il LDE, Ii .

AcX>y

respectively.

REMARK. If F and Fh are linear operators and {F is consistent in A,

h}heH
then it is comsistent in the whole of X. Hence, for a linear operator the
addition "on the set A" is unnecessary. In fact, for non-linear operators we

should always be aware that (some) properties omly hold "in some neighbour-
hood".

REMARK. (consistency of a problem)
Let u = F~ly be the solution of a problem (P), then a sequence of discretiza-

tions of (P) is called consistent (of order p) with the problem (P) if

It (Ml, =0@mP).
h Y
h
REMARK. Notice that, a priori, the consistency depends on the choice of the
norms l-ﬂxh and ﬂ-!Yh. This is similar to the definition of the order of
approximation in section 2.2 and it holds as well for the definitions of

stability, discrete convergence and convergence which follow below in this

sectiom.

DEFINITION. A sequence of discretizations of an operator F is stable in a

set B, = §£B with B ¢ Y, if for all h € H there exists an Fil with

-1
(2.3.3) me, N ,
h BhCYh-%Xh
uniformly in h.
A sequence of discretizations of a problem (P) is stable if the discrete

operators are stable in a neighbourhood of the right-hand side functionm y.

REMARK. Notice that the definition of stability depends on the neighbourhood

B, and the norms .0, and -1y .
% Ty

DEFINITION. A sequence of discretizations of an operator F is convergent

(of order p) on a set B ¢ Y if p is the largest real number p ¢ R for
which

e F R - il g,y = OP) for b > .
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REMARK. We assume that the problem (P) has a solution F—ly. The sequence of
discretizations of the problem (P) is convergent if

lim I !

_]_
y - P F yl . = 0;
e n'h fnY'x

its order of comvergence is p if p is the largest real number for which
"F_ly -pF 'R vyl = 0@P) for h » 0.
n'h fh V'x

DEFINITION. A sequence of discretizations of an operator F is discrete con-

vergent in a set B < Y if

. -1 -1 =
lim sup IR, F " z - F zll = 0.
h~0 zeB Rh h Rh Xh

Its discrete order of convergence is the largest number p € R for which

R - F;]§£H|BcY+Xh = 0(vP) for b + 0.

REMARK. Let u==F_1y be a solution of problem (P), then a sequence of dis-—
cretizations of (P) is called discrete convergent (of order p) iff {Fh}heH
is discrete convergent (of order p) in a neighbourhood B of y. I.e. if the

operators are discrete convergent in a neighbourhood of the solution.

REMARK. Like a vanishing LDE, for h - 0 is related to consistency of a prob-

h
lem or operator, the discrete convergence and the convergence are related
to the global and the true discretization error respectively. To see this,

for linear operators F and F, we consider discretizations of (P) of the

h
type

*
By % = Ry v

Then:

1) A sequence of discretizations of the operator F is discrete convergent

of order p iff

sup IGDE_ (W)l = 0®P),

ueX Xh

because
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suplGDEh(u)HXh = supiu,n - Rhulxh =

ueX

=1 Ry F e Rh!X+Xh
and hence
, —1 = -1
suplGDE, ()l < |IF - F ollly,y WFN v
M e n fn T Ry v 1 gy
and

-1
F < Ir "1 sup ﬂGDE )l
Rh RF Hyax wx 5P X *

2) A sequence of discretizations (P;) of F is convergent of order p iff

sup I TDE (uh)ﬂ = 0Py,
Un¢%p
because
sup ﬂTDEh(uh)HX = sup |Phuh - uﬂx
¥, R

supl P Fh Rh y-F ya = Ip, F;l iﬁ -7

yeY =X

THEOREM. (Constistency and stability imply discrete convergence)
If a sequence of discretizations of a problem (P) is stable and consistent

(of order p) then it is discrete convergent (of order p).

PROOF.

“RhF_ly - F;lﬁiyﬂxh = IRu - F;I §£F ulx, <

< P gy % IF,R u - RF uﬂYh < ¢ nP. 0
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THEOREM. (With a bounded and convergent approximation, consistency and

stabrlity imply convergence)

Let{Xh,Ph,Rh}hEH be a bounded and convergent approximation (of order q) of

the space X. If a sequence {Fh}heH of discretizations of the operator F is

stable and consistent (of order p), then the sequence is convergent

»

(of

PROOF .

order min(p,q)).

i PhF;] ih -7 Beysx S

1 1

I

L PhF;l] Ry - BRF gy o+l PthF”1 “F lopeyag <

-1 = -1
2yl o Wy WEGR = REN 5y W gy

-1
Iz - BRI
R L S

<c.c.c. n’.c + cnl cc hmln(p,q)‘ 0

Asymptotic_expansions of the local and global discretization error

DEFINITION. The local discretization error admits an asymptotic expansion

im h if

with

F,R 2z~ R.Fz=10"R D), D: X » ¥,
D(z) = Dy(z) + hD () + ... + b D, (2) + b D, (z3h),
o I = 0(1), & =0,1,...,5.

The global discretization error admits an asymptotic expansion in h Lf

with

F;IIEth—ha=hPRhE(z), E: X + X,

E(z) = Ey(2) + BE (2) + ... + h) | B, (@) + ] B, (25h),

”lEk”! = 0(1)a k = O:]:"°9j-

(Clearly both discretization errors are of order p: the first discretization

is consistent of order p, the second is discrete convergent of order p.)
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2.4, Galerkin discretization, relative consistency and convergence

DEFINITION. Given {xh’Ph’Rh’Yh’ﬁh}heH’ a discretization of the spaces X and Y,

we associate with the problem
®) Fx=y,
the canonical or Galerkin discretization

Fh %5 = Yh

by taking

Frj
[}

h- fnF Py
and

Yy = Rh y.

DEFINITION. (4 nested sequence of Galerkin discretizations)
- 1 - 3 3 - .
If {Xh’Yh’Ph’Rh’Rh’heH 1s a nested sequence of discretizations of X and Y;
if (Ph) is a Galerkin discretization of (P) and (PH) is a Galerkin discretiz-

ation of (Ph) then (PH) is a Galerkin discretization of (P):

Py = R nPre = BB F Pnfrw " R F Py

Y57 fdn T Ry R Y
Thus, a nested sequence of discretizations of X and Y uniquely determines a

nested sequence of Galerkin discretizations of a problem (P).

REMARK. If {Xh’Yh’Ph’Rh’ﬁh}heH is a nested sequence of discretizations of X

‘and Y and if (Ph)heH are the corresponding Galerkin discretizations of (P),

then the coarse-grid problem (PH) is a Galerkin discretization of the fine-

grid (Ph). They are also called relative Galerkin (or canonical) discretiza-
tions. The relation between the different spaces is summarized in the

following diagram.



33

REMARK. The canonical discretization is a discretization of the kind (PE)
®)) F =R

h h*h = R ¥
as considered in a remark in section 2.3.

Relative order of approximation, consistency and convergence

Analogous to the definitions of the orders of approximation, consistency
and convergence of a sequence of discretizations of an operator (in the
previous section), for related discretizations in a nested sequence of dis-
cretizations we can define the corresponding relative properties (possibly
without reference to the original problem).

Let a coarse and a fine related discretization (in a nested sequence)
be characterized by H > h > 0, then we define
1) the spaces z, and X, have a relative order of approximation p:

Iz, -2, R_I = 0(#P), for H ~ 0;
h ~ "hH Hh Z, X

2) the operators Fh and FH have a relative order of consistency p:

- 0@’), for H + 0,

Il F - R, Fl
i %un ” Ran Th ASK Y,

3) the operators F, and F, have a relative order of convergence p:

me ' - e = o), for H » 0,

..l._
hH FH RHh"lBCYh+Xh
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4) the operators F, and FH have a relative order of discrete convergence p:

h

-1 -1 — P
MR.F° -F i = 0(H ), for H > 0.

fn'n T Te R B ey o
THEOREM. Let two related discretizations of the same problem be consistent
of orders P, and P, respectively, let the restriction Ry be bounded from
below and let the restriction §Hb be bounded; then the discretizations ave
relatively consistent of order min(p],pz).

PROQOF.

CllEgRy, = Ryl < PRy = R FyRel

gty = RF * R7 - BBy

IA

PRy = RFI + IR, 1 IR F - FR I

P2 _ min(py,py)
c HP] + C =CH .

The first inequality holds by lemma (on p.2.2.23). 0O

THEOREM. Let (X,,Y,,P ,R ,R ) and (X Yo PR RY) , BLH € H, be two related
discretizations of the spaces X and Y, with a relative order of approximation
(with respect to the norms H- Bz and I-1_ ) or order p:

h %

P

T, - PhHRthZh > X <CH.

Let Fy and F be two relative Galerkin discretizations and let Eﬁh: Y, > Y

and F iAc X > Yy be bounded. Then Fy and F, are relatively consistent
of order p.

H

PROOF.

1IR3 - R, F |l =
HRHh R'Hh h Aczh—th

W Ry Fr PR ~ R T I AcZ 5Y, <

<

lfRﬁhuwzhvzﬂ - E AcK Y, ) ﬁP‘nHRHh - A

c . C .cH =cHP. 0
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REMARK. In a nested sequence we may consider the coarse discretizations of
the problem (P) also as discretizations of the fine discretizations. Thus,
e.g. relative convergence of two related discretizations is derived from
relative consistency, stability and relative approximation order in the

same way as convergence was derived from consistency, stability and approxi-

mation order:

-1 -1 < -1,
eyt - 2Py Rl < 01, - b IE I+

-1 —
+ 0B WE I N FgRy - R

REMARK. When we consider related discretizations, the following is a useful

identity
-1 — _ _ -1 =
I, - Porfr Rt = Tn ~ Prgfan’ * Poefe Felmm ~ Ranfn)-

REMARK. Let thh =Yy and FHxH = yHNbe two related canonical discretizations
of the same problem, then, for any RHh : Xh - XH we have

I~ Poefe R = Op ~ Pugfr Bafn) Cn ~ Phm Ban)»
and, for any P

hH : XH - Xh we have

-1 _ R ~ -1 —
T, " FPrn Ty Ry = (T Py Ry )@ = Py Py Ry
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3. THE DEFECT CORRECTION PRINCIPLE

3.0. Heuristic introduction to the defect correction principle

Often the numerical analyst is faced with the problem of solving an

equation

Fx=1y,

where y ¢ Y and a mapping F : X + Y are given; X and Y are linear spaces. An
element x ¢ X has to be found such that the equation Fx= y is satisfied.
Often we cannot or we will not solve the equation directly because this
would exceed our computational capacities. On the other hand we can solve

simpler equations that are all similar to the previous equation:

Fx=1y,

for some arbitrary ; € Y ¢ Y. Sometimes this yields the possibility to solve

the original equation by means of an iterative process.

EXAMPLE. Solve the equation x2 = 3. In other words: compute V3. We assume
that we cannot find the answer immediately, but we can (1.) square the value
of a real number (i.e. we can apply the operator F in the equation), and
(2.) we can add and (scalar) multiply the real numbers (i.e. we use the fact
that X = Y = R is a linear space). In this example the linear spaces are

X =Y = R. The operator F : R + R 1is defined by Fx = xz and v is defined
by y = 3.0. We notice that F is neither surjective nor injective; F is de-
fined on the whole of X, which (in the general case) is not necessary.

If we look for the positive solution of x2 = 3, then we can apply the follow-

ing iterative process
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Xq € [1,217, B £ 0,
Xiqp =% T BG- CHN

. * .
If the iterands X would converge to a value x € R, then we know that it

would satisfy
N CENCHDE

i.e. we would have found a solution to the original equation. When does the

iterative process converge?

- = x - X BB - GpD - G- DY)

(Xi - x*) + B[(X*)2 - (xi)zj

Ge; = %D =BG + %))

This implies that

*
ESPPRE

I

I * 1= 86y + D
X.= X
1

therefore, the condition for convergence is

0 < B(xi + x*) < 2.

We know: 1 < x* < 2, hence we take Xy such that 1 < Xq < 2. Now 2 < xi+x*< 4

holds and consequently the process will converge with 0 < B < 1/2.

As a numerical example we take B = 1/4, Xg = 1.5. Now we find

i X xi 3—-xi

0 1.5 2.25 0.75

1 1.6875 2.84766 | 0.15234
2 1.72559 | 2.97765 | 0.02235
3 1.73117 | 2.99696 | 0.00304
4 1.73193 2.99959 0.00041
5 1.73204 | 2.99995 | 0.00005
6 1.73205 | 2.99999 | 0.00001
7 1.73205 | 3.00000 | 0.00000
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The convergence factor is 1 - S(xi*-x*) A1 - 1/6.2./3 1 - 0.866 = 0.134 =~
~ 1/7. In many problems we are really pleased by such a convergence factor.

Analysing the above process, we write it in the abstract form

Xi+] = xi. + B(y - in) = (I - BF)X:’. + By,

where X, € X, ye¥Y, F: X>Y,B8:Y~+X, X=Y=TR. The convergence is

derived from
- %"l < 0T - gFl Ik - X7,

from which it is clear that we have a convergent process if [| I - BF|} < 1,
i.e. if the operator 8 is close enough to F_l. In other words B should be a

. . . . . -1
sufficiently close approximation to the solution operator F .

3.1. The basic principle

In principle, a defect correction process is an iterative process to

solve an equation that we cannot or we do not want to solve directly:
(®) Fx=y,

where F : A c X + Y. This short notation means that F : A >~ Y is a mapping,
A is a subset of X and X and Y are normed linear spaces. In general F is
not linear, F is not defined on the whole of X and F is neither injective
nor surjective. We assume that there exist subsets A ¢ X and B ¢ Y such
that F is defined on the whole of A, and Vy € B 3x € A such that Fx=y
(i.e. the mapping F : A » B is surjective). In addition we often require
that there exists a unique x € A such that Fx=y (i.e. in addition the
mapping F : A > B is injective and hence it is bijective).

As an introduction to a more formal approach in the following paragraph,
we first proceed informally to introduce the notion of "approximate in-
verse'. We assume that we can solve some approximations (F) of the problem

(P), i.e. for all ; € Y ¢ B we can solve the equation
(®) Fx=y, X € X,

where F : X > Y is some "approximation" of the operator F.
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Formally we describe this as follows: we assume that for some subset

Y ¢ B, with y € ?, there exists a mapping

which we shall call the approximate inverse of F. The meaning of G is, that
for any ; € Y an approximation to the solution of the equation Fx = ; is
given by E; € A. The mapping G needs not to be linear and is neither neces-

sarily injective nor surjective.

REMARK. If G is not surjective, then possibly x ¢ E%f, with x the solution
of Fx=1y.

REMARK. If G is injective, then an F: GY - Y exists such that.FG = I~
where I§ is the identity operator on Y. Then F is "an approximation to F'".

Here we notice that F is only defined on GY and not on A!

In a Defect Correction Process the solution of the original problem (P) is
found (or approximated) by the iterative application of one (or more) ap-
proximate inverse(s) G.

In its most elementary form we have two versions of the defect correction

process for the solution of (P):

The first defect correction process (DCPA)

X, € A,
(DCPA) { 0

X = (1 - GF)xi + Gy,

with the standard starting value

~

and the second (or dual) defect correction process (DCPB)
EO €Y, x; = Eﬂi’
(DCPB) { .
£i+1 = (I - }.«"G)ﬂi + v,

with the standard starting value

ZO = vy.
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REMARK. DCPA is completely described by F,E,y and X3 (DCPB) is completely
described by F,E,y and KO.

REMARK. In order that the above defect correction processes make sense (are

well defined) a number of conditions should be satisfied, such as:
for DCPA : {xi} c A and {in }c ?;
for DCPB : {ﬂi} cy.

Note that y ¢ Y follows from the definition of 6, which was defined on Y

with y € Y.

REMARK. With DCPA we use the fact that X is a linear space and not the
fact that Y is. With DCPB we use the fact that Y is a linear space and not
the fact that X is. (Note that both F and ¢ may be non-linear!)

DEFINITION. A value x € X is called a stationary point (or a fixed point)

of an iterative process

xi+1 = P(xi,xi_],...)

. * . -
if x satisfies
* * *
X =P(x ,Xx ,...).

DEFINITION. The convergence factor of an iterative process to a stationary
point x" is defined by

*
fx, - x|
1+1
sup  sup —————— .
x.€A 120 Ix.-x |
0 1

3.2. The first Defect Correction Process

The first thing we notice when we comsider DCPA is that the solution

x of (P) is a fixed point of DCPA; moreover, for any stationary point x° of
DCPA, we have

(3.2.1) GF x* = Ey'= GFx .

. * *
(Notice that x ¢ A and Fx ¢ Y are natural assumptions that go with the

. * . .
assumptions of x to be a stationary point of DCPA.)
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As a direct consequence of (3.2.1) we find the following

THEOREM. If DCPA has a stationary point x € X with Fx ¢ Y and if G is in-

Jective, then Fx =7y (i.e. then x" is a solution of (®)).

REMARK. Even, if 5 is not injective, the solution x of (P) and the fixed

point x* of DCPA are mapped by GF onto the same element of agf(although we
have not necessarily'Fx* =y = Fx). In other words: E defines subsets of
Y (viz. the sets of points that are mapped to the same point of X) and Px"

and Fx now are elements of the same subset.

DEFINITION. The amplification operator of DCPA is defined as
M=T1- GF.

THEOREM. The convergence factor of DCPA to a fized point x ¢ A, Fx ¢ ?,
s bounded by Il I - GF"lAcX+X‘

PROOF. Let X be an arbitrary iterand of DCPA, then

-x = (I - EF)Xi - (I"EF)X*.

i+1
Hence,
I *I = I(I- 6M)x. - (I-6R)x1
x, , —xl= (1 )Xi ( )x
~ *
< i I-GF “xi—xll
and nxi+1 _ x*“
” st - GF"‘ACX+X . O
hxi - x|

If HII-EFHI < 1, the sequence of iterands of DCPA converges and it might
make some sense to call G an approximate inverse of F indeed. If F is in-

jective, we can give the following definition.

DEFINITION. The approximation error of G for the solution of (P) is

Approx. error(E;F,x) D sup {Hx—gﬂ[EFx = EFE}.
EecA

~

As a direct consequence of this definition we have for any injective G

Approx. error(E;F,x) = 0.



42
REMARK. In the special case that G is an affine mapping, i.e. if we can
write Ey as

~

Gy =E'y+§0, Vy € ¥,
where G' is a linear operator, then we may write DCPA as

{xos X,

- — ot -
X4 X G'(Fx -y).

3.3. The second Defect Correction Process

L  e¥isa stationary point of DCPB, then we clearly have
~ %
FGL =y.

Hence, we immediately have the following

~ ~ %k
THEOREM. If DCPB has a stationary point L* ¢ ¥, then G = x is a solution
of (P) in GY < X.

REMARK. If F : A > B is injective, then GL”" is the unique solution of (P).

REMARK. If G : Y + A is not surjective, then possibly x ¢ GY and hence no

~

* . ~ % . . * > .
£ € Y exists such that G = x. In that case no fixed point £~ € Y can exist.

DEFINITION. The amplification operator of DCPB is defined as
M=1- FC.

THEOREM. The comvergence factor of DCPB to a fiwed point £ € Y is bounded
by NI - F6ll 5,y
PROOF .

1+1

12, -Eusmx-ﬁmui—fk 0

THEOREM. If G is injective, we can define its left—inverse F and DCPB can
be written as
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{xoeaf
in_+] = (F-F)xi+y.
PROOF.
F x ='§EK.=Z.,
i i i
and
inﬂ=in-FG£i+y=in—in+y

F - F)x, +vy. 0

REMARK. In many problems the operator (i'“ — F) can be much simpler to compute

than either F or F.

THEOREM. If G <s injective, then the comvergence factor of DCPB is bounded
by

W = Fll g5 cxsy MEMGyxo

where F is the left-inverse of G.

PROOF.

Il - FGIl = IFG- FG Il =

]

= sup | FG-FO)x - (FG-FG)yl /I x-yl
= sup IFGx - FGx - FGy + FGyl /lx-yl

= sup I (F-F)Gx - (F-F)Gyl /lx-yl

I (F-F)6x - (F-F)Gyl IGx - Gyl
= sup — = .
lgx - Gy“ lx - y||
< IWE - FIt WG - 0

REMARK. Clearly, the above bound of the convergence factor can also be ex-

pressed, in terms of relative error of F and the condition of F, by

e, - ad! e - FII N
1 cond (F).

IA

e, - 2% W E
1
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THEOREM. If G is an affine mapping, then the sequences {xi} in (DCPA), and
{Xi} in (DCPB), defined with their standard starting values Xy = Gy and

1’-0 =y, are identical.

PROOF. Let {Ki}i=0,l,2,... and {xi}i=0,1,2,. be defined as in DCPB, then

° o

i) X, = fe KO = Gy, and

i) %, =64L  =GE -FGL +y)

~

o+G'£i-Eo—E'FE£i+Eo+E'y

[
Y]

l

]

GL -GFGL +0Cy
1 1

]

X, - GF 3 + Gy = (I - GF)xi + Gy.

I.e. the values from the sequence {xi} satisfy exactly the generation rules

for the sequence {Xi} from DCPA. Hence, both sequences are identical. []

REMARK. It is clear from the proof of the last theorem that for general G
both processes DCPA and DCPB yield different sequences {xi}.

3.4. Further remarks on DCPB

If G in DCPB is not surjective (i.e. possibly x ¢ EQ; with x the solu-

tion of Fx = y, and hence possibly there exists no fixed point for DCPB),
then sometimes we still can write

(3.4.1) G=Ta,

where A : Y > A Y is a linear projection (A Y c B), and T:AY~>X1s

surjective.

~

Fig. 3.4.1. The mappings G, A and T.
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The iterands {Zi} in the iterative provess DCPB are all in Y. If, instead
of Ki € Y, we consider their projections A Ki e A Y, we get the following
iterative process of which all iterands are in A Y:

AL

i+1

AL, -~ AFGL +Ay
1 1

AL, —AFT AL, + A y.
i i
With the definitions Xi = A Ki and £, = T Ai we get

A, ~AFT A +4y,

~\
w
i
N
N’
—A
> >
H
+
—
il I

0 A ZO = A vy.

This is exactly the DCPB for the problem:
(AP) AF & = Ay,

where T takes the part of the approximating inverse of AF . Since, by hypo-
thesis, T is surjective, this new DCP has a fixed point A" and the solution
(A P) is found as E* =T A*.

REMARK. Notice that g* eTAY=0CY. The problem (AP) can now be considered

as: find £ € ¢Y such that
A(FE-Y) = 0.

By application of a projection A to the residual of the problem (P), more
solutions in X are generated which satisfy the equation. The projection A
has to become so strong that even a solution becomes in GY . If we find a A
such that the problem has a solution for all y € ?, we have found a decom-
position G = TA that satisfies the hypotheses.

In the case that the operator T in the decomposition G = ' A is not

only surjective but also injective, we can formulate the following

THEOREM. If the approximate inverse G in DCPB can be decomposed as G=Ta,

where A s a linear projection and T :40Y~>GY abijective mapping, then

a?d = ('IN‘)_] : GY » AY exists, and a DCPB in AY can be formulated:
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~ o~

{goeFAY-—-GY,
(bEl'.'*'l = (Q'AF)E]-_"'AYn
which has a fixed point E* e CY such that A(FE* - y) = 0.
PROOF. Follows immediately from (3.4.2) and Theorem 3.3.

3.5. Another Defect Correction Process for non-linear G

In this section we give a genmeralization of DCPA . In the linear case

we can write a defect correction step DCPA

(3.5.1) Xigp 5% T Gin + Gy
as
(3.5.2) X0 =% + G(y - in).

For general - nonlinear - E, the solution of Fx = y is not a fixed point of
the latter iteration. In (3.5.2) the operands of C are in the neightbourhood
of zero, whereas in (3.5.1) they are in the neightbourhood of y and in. An

approximation (linearization) of the non-linear DCPA (3.5.1) can be given by

X.

= oy -
i+1 Xi + G (V) (y in)>

where E'(;) denotes the Fréchet derivative of G at ;, where ; is thought
to be in the neightbourhood of both y and in. The Fréchet derivative not
being available for computation, we may approximate further

G'(y)8 by G(y+ &) - G(y).
Also noting that

G'(y)8 = u G"(y) (8/w),
we may write down a new Defect Correction Process
(DCPC) X =% tuGly+ (v Fx.)/u) - uGy.

In this iteration step the parameters p and ; are still free to choose.
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REMARKS. With respect to this new Defect Correction Process we notice:

~

1. Near a solution of Fx = y the operator G is applied only in the neigh-

bourhood of ;.

2. In the general case (i.e. for any value of p and ;), the solution of
Fx = y is a fixed point of DCPC .

3. With u = -1 and ; =y, DCPC 1is identical with DCPA .

4. For arbitrary u and ;, with G affine, DCPC is identical with DCPA and
hence, by Theorem 3.3. also equivalent with DCPB .

5. The amplification factor of DCPC is given by

lx. - xl

L ST - G E e IS E - NS E e W WE
1

where G' and G are defined by
C(y+8) - G(3) = C's + G's,

. ~ .- ~%
with G' limear and G such that

s
—“——H—"Gas" ~0 as § -0,

i.e. HIG*HI is arbitrarily small in a sufficiently small neighbourhood
of ;. F' and F' are defined analogously as F(x+e) — F(x) = F'e + Fe.

We note that, for Fréchet differentiable F and E, by this definition the
Lipschitz. constants IEWl and Il GTI} can be taken arbitrarily small if
we restrict {xi} to a sufficiently small neighbourhood of x.

Note: by the above definition is G' the Fréchet-derivative of G at y and

is F' the Fréchet-derivative of F at x.

3.6. Examples of defect correction processes

Example 1. The iterative refinement of linear systems.
In this case the problem (P) is the solution of the finite dimensional

linear system

(3.6.]) Fx =1y,

n n . . n
where F : R° x IR 1s a square matrix and x,y € IR are n—vectors.
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~

The approximate inverse G represents the numerical solution by means of
(an approximation of) a LU-decomposition, which had been obtained by numer-

ical means and for which we may write

(3.6.1) LU =F + Ej

E is the error in the LU-decomposition.

The process of iterative refinement now reads

LUxO =Y,
T, =y - Fx., )
(3.6.2) 1+l 1
Ll!di+] =T i=20,1,2,. .
e T ¥ * d1+l’

Clearly, this is DCPA with G = (F+ E)-], and because of the linearity of E,
the process is equivalent to a DCPB. As a result of Theorem 3.3 we know the

upperboud of the convergence factor:

lel
]_F_IE-:—E‘F cond(F+ E).

We can also obtain the following convergence result in terms of cond(F).

THEOREM. The sequence of iterands in (3.6.2) converges if
cond(F) IEI/EFI < 1/2.

PROOF.

-
!
(2]
¥
it

I- (F+ E)—IF = (F+ E)—IE =

F+8) FFrl g = ! 1

E+EN" ¢ 'E)

a+r'e’! ¢ lo.
£ IF"IEl < 1, then

. 17 gl
1-1F g

Ir - Grl
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From 1/2 > cond(F) IEN/IEl = IFl I¥ 1 NEH/IFl = 0F 'El the convergence of
the DCPA follows immediately. [

EXAMPLE 2. Iterative methods for the solution of linear systems.

Many of the well-known iterative methods for the solution of linear systems
can easily be recognized as Defect Correction Processes. For all these meth-
ods G is linear and, hence, DCPA and DCPB are equivalent. Here we shall
identify a number of these methods for the solution of the square linear

system Ax = b as Defect Correction Processes.

EXAMPLE 2.1. The Jacobi-method.
The Jacobi-method:

dlag(A)xi+] = b + (diag(a) - A)xi
can be written as

iy = %5 0t G(b-Axi) = (I—GA)xi + Gb,

with G = (diag(a))~ .
EXAMPLE 2.2. The Gauss—Seidel method.
Let A be decomposed as A = L + U, where U is strict upper-triangular and L

is lower triangular; then the Gauss-Seidel process reads

in+1 =b - Uxi,

i.e. a defect correction process with G = L_l.

EXAMPLE 2.3. The relaxation methods JOR, SOR, RF and GRF.

All "stationary fully consistent iterative methods of degree one" for the
solution of Ax = b can be written as

X =x, - P(Axi-—b),

i+1
where P is a non-singular matrix (cf. YOUNG [19711). With P = pI, p a scalar
and I the identity matrix, it is called a Stationary Richardson method (RF);
with P a non-singular diagonal matrix it is a Generalized Stationary

~

Richardson method (GRF); with P = wa, G as in example 2.1 it is a Jacobi
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over—/under-relaxation method (JOR) and with P = mE, G as in example 2.2 it

is a SOR-method.

EXAMPLE 3. Modified Newtonm Iteration.

In this case the problem (P) is the solution of a non-linear equation
Fx =1y,

with a Fréchet~differentiable operator F. The Fréchet derivative is the

linear operator F' such that IFx-Fg- F'(x-&)! = o(dx-£l). The relation
- = F' Ix-x_1
Fx in F (x—xi) + o(lx X )
or, equivalently
-1
X = xi = (F') (v - in + o(lx—xil)),
suggests the modified Newton iteration:

- ul
Koy =% ¢ E (y in),

where the non-singular linear operator E is an approximation to F'.

Clearly, this is a DCPA with ¢ = E—] and, since E-] is linear, the process
can also be written as a DCPB. Here we notice that in a proper Newton-
process (not the modified Newton iteration) the approximate Fréchet deriva-
tive E is updated during the iteration process. This kind of generalization

of the elementary DCP will be treated in sectiom 4.1.

EXAMPLE 4. An analytic examples, (cf. STETTER, 1978).

We consider the two-point boundary-value problem

xX"=-e =0 on (-1,+1),
(3.6.3) {

x(-1) = x(+1) = 0.
This defines the problem
Fx =0

where

is



F o c§£—1,+13 > C(=1,+1).

We construct an approximate problem, replacing e* by 0.99 + 0.81x% (i.e. a

reasonable approximation if -0.4 < x < 0.0). Thus we get the approximate

problem Fx = v, viz.

{ x" - 0.81x - 0.99 =y on (-1,+1),
x(-1) = x(+1) = 0.

This is a linear two—point boundary value problem and we can write its
solution as

+1

x(t) = f K(t,z) (y(z) + 0.99)dz,

-1
for some suitable kermel-function K(t,z). This integral operator defines
an approximate inverse G for the problem (3.6.3). With this G we can con-
struct a DCPA or DCPB to find the solution of (3.6.3). Both processes are

~

equivalent since G is an affine operator.

EXAMPLE 5. A Defect Correction Process for a singular linear system.

We consider the finite-dimensional linear system

where A is singular; A is approximated by a nonsingular A and we consider
the DCPB

~

.. = Ax. - Ax, +
A er Ax1 Ax1 b

or, equivalently, the DCPA

{ XO = Bb,
(1- BA)xii-b,

I

X.
1+1

where B = X_l. Generally, X, can be written as
i-1

x, = ) (I- BA)IBb.
1 -
i=0

51
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If we take e.g.

0 0 N e O
A= (1 1) y A= (1 1) ’

we have /
/e 0 e o [ 0) .
B (-lle l) , and I - BA \_1 0/ 3
also
_ i 1 0
(I - BA) (-l 0>
and hence i1 \
_ 1 0 1/e 0O _if1 0
S jZO (—1 0/ (—l/e 1> b=z (-1 o) b-

Clearly, the sequence {Xi} is not converging. We also see that the sequence

{ﬂi} in the DCPB will not vanish:

(1 0
cme () 0).

Now we take a slightly more general A and a general B:

A= (0 o) , B = (p q);
a 1, r s

4

The amplification operator I - BA reads

I-BA= (l'aq d )
as l-s

and has the eigenvalues A] = 1 and Ay = 1-s-aq. Because of the eigenvalue
1 in the amplification operator, it is clear that mo B can be found such
that the process will converge. More generally, for arbitrary matrices F

or G we know that IT - FGI > | and IT -~ GFI > 1.

EXAMPLE 6. The non-ewistence of a fized point L, whereas x exists.

Our original problem Fx =y is to find the solution of the initial value

problem

{ x'+ix =0 on [0,1]

x(0)=1’ )\+_1.

The approximate problem Fx = y is to find a linear function x on [0,1]

such that



{ x"(1) + Axx(1) = y(1),

x(0) = 13

(i.e. we try to find an approximate solution by one single backward Euler

step.) The sets and spaces we consider are:

X =c'ro,13,

A = C;[O,l] = {x [x e X, x(0) =11},

v = c%o,11,

B =Y =%,

GY = {(1+Mt) | M e R},

FGY = F{(14Mt)} = (M + A + AMt | M ¢ R}.

First we apply the DCPB with ZO =y =0, to get

2
~ -
£1~£0—FG£0+}7—T;7. (1-t),
o~ _ _ At
X = G Zl =1- 35 -

By induction we easily show that, for n = 1,2,...,

x2
Kn=mn(t—l), «En(l) = 0,
£ (1) = 2
~ n A
x =Gl =l1+—FFs—.t=1-75.¢t .

Now we apply the DCPA to get

e
el
1]

(2]
=
el

Il

|

1l
el

Thus we get X, =X form = 0,1,2,... .
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REMARK. Because G is affine, we knew beforehand that the sequences {Xn} for
DCPA and DCPB are equal. Clearly, C is not injective in this example. The
fixed point x of the DCPA is not the solution of the original problem, but

we know

~

GFx = GFx = Gy.
G can be written as G = T4 , where A is a projection, A : Co[O,l] + R

(viz. the restriction to the function value at the point t=1) and the problem

solved reads
AF g = Ay,

which has a solution that belongs to GY .

3.7. Defect Correction Processes with an approximate inverse of

deficient rank

In this section we consider the linear defect correction process, where
both F and G are linear operators R - Hfl; F is bijective (rank(F) = n)
and G is of deficient rank (rank(G) = m < n). This is a special case of a DCP
with G neither surjective nor injective. We can decompose the n X n matrix

~

G into its singular value decomposition (cf. LAWSON & HANSON [19741)

(3.7.1) G=UzV,

where U, ¥ and V are n x n matrices, U and V are orthonormal and I is a non-
negative diagonal matrix. Except for the ordering of the elements of I (and
the corresponding ordering of the columns of U and V), this decompositiom is
uniquely determined. The diagonal elements of I are the singular values and

normally they are ordered such that

Because rank(G) = m, we know that ¢,,0,,...,0_ are non-zero and o. = 0,
172 m

j =mtl,...,n.

More generally, for the m-rank matrix G we can write

(3.7.2)  G=P SR,
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where R : R™ » Hfl, s : ’ > nfn, P: R® > R" and rank (P) = rank(S)

= rank(R) = m. Here we can take e.g.:

P = U1 : the orthonomral set of the first m columns of U;
S = ZI : a diagonal matrix with elements G 5095503

R = Vg : the orthonormal set of the first m rows of V'

or we can take arbitrary m-rank matrices P and R, with Range(P) = Range(a)

= Span(Ul) and Kernel(R) = Kernel(a) = Span(Vz), in which case S is a non-

Vo rv Tl of o,

singular full m X m matrix with S 121 1

In order to see the relation with section 3.4 we remark that, in the
finite~dimensional linear case considered here, we can construct a decomposi-

tion (3.4.1) by taking
T=UIV, A=VV

where T is a diagonal matrix with the first m diagonal elements G130y eces0 3
for the last n-m elements arbitrary non-zero values can be taken. For these
T and A we know that T is a full rank matrix and A is a projector of rank m.

In the decomposition (3.7.2) P is called the prolongation and R is the
restriction. Because P and R are full rank matrices: P has a left-inverse
R= @
that

UT and R has a right-inverse P= VI(RV])_I. Moreover, we know

is a projection operator of rank m.

Now we can consider what happens to the error to the solution or to
the residual after one iteration step of the DCP.
I. In order to study this effect on the error of the solution, we consider
the defect correction process in the form DCPA . Here the amplification

operator is
(3.7.3) M =1- GF = I- PSRF.

We decompose the error e into two parts: e, t e, with e, € Range (P) and

e, € Range(P)l = Kernel(ﬁ) = Span(Uz). Analogously we write Me = (Me)s4-(Me)u.
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Thus, we have

and

o
]

(T - PR)eu.
Now a simple computation shows
(3.7.4) Me_ =M PR e, = (PR- PSRFPR) e, = P(I - SRFP)R e_.

We see that the result is again in Range(P). Moreover, we notice that in

the special case that S_1 = RFP we have M e, = 0. More generally, with

S—1 = RFP + E, we have

Me =PSER e = GPER e .
s s s
In practice, where G = PSR should be a reasonable approximation to F_l, it

is often possible to choose S_] equal to or close to RFP. The contribution

from e, to Me is given by

Me =e - EF e .
u u u

We see that the second term is again in Range(P), whereas the first term lies

in Range(P)l = Kernel(ﬁ). We conclude that

[ (Me)S GPER e, - GF ey

(3.7.5)

e .

(Me)u u

REMARK. In the context of multi-grid methods (cf. Section 5.), the com-—
ponents in Range(P) are called the smooth components, those in Kernel(ﬁ) the

unsmooth components of the error.

II. For the residual, the amplification operator is
(3.7.6)  M=1 - FG = I - FPSR.

Now we decompose the residual r into two parts r = rg tr, with rg € Range (P)

= Span(V]) and r, € Kernel(R) = Range(f)J~ = Span(Vz). Analogously we write
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Mr = (ﬂr)s + (ﬁr)u. Again, a simple computation shows

@Er)s = PERC ros
(3.7.7) {

(Mr)u = -(I- PR) FG T + T

REMARK. In the context of multi-grid methods, the components in Range(ﬁ)
are called the smooth components, those in Kernel(R) are called the unsmooth

components of the restidual.

REMARK. In the special case that R = PT, we see that

Range (P) = Range(?) = Span(Ul) = Span(Vl),

Kernel(R) = Kernel(R) = Span(Uz) = Span(Vz).

In this case the subspace of the smooth (resp. unsmooth) components of the
residual is the same as the subspace of the smooth (resp. unsmooth) compo-

nents of the error.
SUMMARY.

1. The error ©n the solution

G BER
Smooth components = Range(P) 7 Range (P) = Range(G),
G
- N ~o1
Unsmooth components = Kernel(R) —————+ Kernel(R) = Range(G)™.
I
2. The error in the residual
PER G A -
Smooth components = Range(P) ————» .Range(P) = Kernel(G) ,
TS~ _(PR-1)FC ~
Unsmooth components = Kernel (R) Kernel (R) = Kernel (G).
I

3. In the case R = PT we have

Range(P) = Range(ﬁ),
Kernel (R) = Kernel(ﬁ).
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INTERMEZZO

Before we shall treat extensions of the Defect Correction Principle and
introduce multigrid algorithms, we first give a very simple example of a
two—-grid algorithm. This is a preversion of a multigrid algorithm. This ex-
ample, which we borrow from HACKBUSCH [[1976, 1981], shows a simple two-point
boundary value problem and a simple iterative solution method for which the
behaviour of the iterative process can be analyzed exactly. In this example
the main features of a multigrid algorithm are already visible.

We consider the two—-point boundary-value problem

-u" (X)

£(x), x e 0= (0,1),
(N
u(0) = u(l)

]

0.

Both with the Finite Difference Method and with the Finite Element Method
with piecewise linear test—functions, we find on a uniform mesh

Qh = {xil x; = i/N; 1 = 0,...,N} the discretized problem

(2) Lh u = £,

with the discrete operator

2 —
NN
1 \ -1
(3) Lh_h—2 \ -1 9 h-N B
) - 2

a square (N-1) x (N~1) matrix, and

fh = (f(xl),f(xz),...,f(xN_]))T

T
u-h (ulau2:°"$U-N_1) ’

(N-1)~-vectors.

First we consider the damped Jacobi-method for the iterative solution

of (2). One iteration step in this process reads

(%) u1(1i+]) = uéi) - w0 @ ulgi) -

h h h)
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where Dh is the main diagonal of Ah and w € R is the damping parameter.

By u, we denote the solution of (2); then the error in the i-th iterand is

1)y _ @) _ =~
®h Uh Uy

Further we have

(5) (i+1) REL (1)

®h =M eh s

REL . .- . . .
where Mh 1s the amplification—operator of the error for this relaxation
method:

@
AN
AN ¢ -1 \
REL _ _ -1 _ _w
(6) M= T - wD L o= (b\ 5 \_]
1 9 2
-1

2 -1

-1 \(b
The eigensysteem of ::::?\\_] is {xm,¢m}m= 1,2, ... N1 with

) -1 2
eigenvalues
(7) km = 2 - 2cos(mrmh) = 4sin2(mﬂh/2)
and eigenfunctions

sin(mrh)
(8) ¢, = [ sin(2mmh)
sin((N-1)mrh)
The eigenvalues of MiEL are
REL _ _w . 2

9) A(Mh )m =1 5 - 4sin” (mrh/2)

cosz(mﬂh/Z) + (I—Zm)sinz(mnh/Z).

I

The index m takes the values 1 < m < N-1 and hence the arguments

(N-D7h _

0 < %; < mrh/2 < 5 5 -
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. REL . .
In order to get monotonous decreasing >\(Mh )m for increasing m, we select

w = 1/2; then we find

cosz(nh/Z) > (MEEL)m > cosz((N—l)nh/Z) = sinz(ﬂh/Z)

or 22
+ 0 = A(MEEL)m 2-17?-

ﬂzhz

4
7 + 0(h7).

We see that slowly varying eigenfunctions (small m) are damped slowly by
MﬁEL, whereas rapidly varying eigenfunctions (large m) are damped efficiently
by MﬁEL. After a few iterations with the damped Jacobi relaxation (w 1/2),

the rapidly varying component in the error will almost vanish, however the

slowly varying components will hardly be affected: the error has not become
much smaller, but it became much smoother. Application of one step in the
(damped Jacobi) relaxation process is therefore also called a smoothing step.

Let W be an approximation of uy with a smooth error

gh - Eh - Gh‘

~

Then e satisfies the equation

~

(10) Lpep = Lpup = Lywy = Lyw - £ =4y = -1,

ry : 1s the -residual of G

h;
dh : is the defect of u -

Because e is a smooth function, we are able to represent it well on a

coarser grid.

For this we have to solve e.g.
(11) AHZH = -1y , H = 2h,

where (11) is a discretization of (10). For this we need

L

X, Y,
Phm T Ly 1 Ry
S
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(1) a restriction ﬁﬁh’
(ii) a coarse-grid operator LH’

(iii) a prolongation PhH'

For AH we take an operator similar to (3), only with an mesh H = 2h instead
of h. Thus, AH is a (g-l) X (g— 1) matrix. (We assume that N is an even
integer.)

A simple prolongation, PhH’ is found by linear interpolation. This oper-

ator PhH is defined by u = PhHuH

it

uh(xi) uH(Xi)’ if X, € QH,

uh(xi) = uH(xi+h)+'uH(xi~h))/2, if x; ¢ QH’

for all X, = Qh.
A simple restriction, RHh’ is found by injection. This RHh is defined by

fH = Rthh’ with fh € Yh and fH € YH such that

fH(XQ =fh(xi)’
for all X, QH.

Another possible restriction R~ could be a weighed restriction, defined by
P h g

—_ * .
fH = RHh fh’ with fh € Yh and fH € YH such that

for all X; € QH.
The operators AH’ PhH’.iHh and iﬁh* can be described explicitly by their

matrices

9
-1
(12a) Ay = \\\\—1
B
p

, an (%‘- 1) x (g- 1) matrix,
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1/2
|
1/2 1/2
(125 T 1}2 1/2
|
1/2.
12
' N
1/2 ,an (N-1) x (5— 1) matrix,
(12¢) Ry, = ! 810
010
T 010 , an (g— 1) x (N- 1) matrix
and
L fuza
(120 “un ez :;3 11/2

‘1/1 1 1/2

, an (g— 1) x (N- 1) matrix.
The vectors uh and uH are of the form

= (uy (), (2B), .o yu (-DR)),

[~
i

and

N T
w, = (ug(H), uy(2H),...,u (G- DE)) .
The coarse discretization (11) is used to improve the error in the approxi-
mate solution Gh as follows:

1) first we compute Eh from

Ly ey = dg = Ry 9
2) then we subtract the error from the approximate solution

~

W, = - By ey
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This correction of the approximate solution is called a coarse grid correc-

tion step and it can be written as

~

“h

(13) a i=

..-]__
“Pom Ly R @y

up - fh).

The amplification operator of the error in a coarse grid correction step is

clearly

cGC _

(14) M

_]____.
T-Puly R Lne

The Two Level Algorithm (TLA), which is a preversion of the Multi Level

Algorithm, is an iterative process for the solution of (2), in which each

step consists of
(1)
(i1)

(iii) a number of q smoothing steps.

a number of p smoothing steps,

a coarse grid correction step,

In order to see what the effect

is of a TLA step on the error in an

approximate solution, we decompose the error into eigenfunction components

h T Z % ¢m’
m

and we consider the effect on a single eigenfunction. Hence for ¢ﬁ, as given

in (8), we shall compute

TLA

"

CGC

To this end we first compute

6. = 0 @G anthE g .

cee . _ . _ -1 —
$15) Mh ¢m B ¢m PhH LH RHh Lh ¢m
- _4 2 -1 — .
= ¢m hz sin® (mrh/2) PhH LH RHh ¢m'
sin( mmh) sin(2mwmh)
sin (2mmh) sin (4mmh)
] — sin(3mmn -1 sin(6mmh)
Poo Tun Ran : = Pou L : =

sin((N-1)mmh

sin((N=-2)mmh)
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2
= 5 P
4sin” (mwH/2)
. ® 1
4sin? (urH/2) 2
o 1
Asinz(mﬂH/Z) 2
2
= ——-—-—2-—-—-——— a
4sin” (mmh)
u2(as_ + bo_ )
- m N-m
hsinZ (rmh)

with a + b

b = —sinz(vmh/Z). Briefly we write Cm := cos(mmh/2) and Sm := sin(mmh/2).

Thus we get

cos(mmh) and a = b = 1.

sin( wmH)
sin (2mmH)
sin (3mmH)

sig((NIZ—l)wmh)/

sin(0) + sin(mmH)
2.sin (mmH)

sin(mmH) + sin(2mmH)
2.sin (2rmH)

sin (2mH) + sin(3mmH)

2.siﬁ((N/2—l)ﬂmH)
sin((N/2-1)mmH) + sin(N/2.wmh)

.sin(mmh) cos(mmh)
.sin(2mmh)
.sin(3mmh) cos (mmh)
.sin (4mmh)
.sin(5m™mh) cos (mmh)

PN NN

NN

.sin((N-2)mmh)
.sin((N-1)mmh) cos (wmh)

sin(mmh) + sin(mmh)
sin(2mmh) - sin(2mmh)
sin(3mmh) + sin(3mmh)

. + b -
sin((N-1)7mh) \l sin((N-1)Tmh)

Hence, a = cosz(ﬁmh/z) and

2 2
L-l - _ b (cm ¢m—‘sm ¢N-m)
Por “n Run %m Y 2 2
and ““m “m
S2
CGC _ 1 2 a2 __m
(16) Mh ¢m - ¢m - Efv m d>m Sm ¢N—m) 02 d>N--m
m

\ ]
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CGC

REL
A T R A T
q CGC 2.p
) (Mln on (C)
(17)
REL -
= o % e si (crzn)p !
2 2
RGBS G L S
Because CN— = Sm and SN- = Cm we have
TLA 2q+2 2p-2
M %% %9 ®yen
and
TLA - 2q+2 2p -2
Mh ¢N—m C m ¢m'

We see that low

If we apply the TLA with §ﬁh*

frequencies are converted in high frequencies, v.v.

instead of ﬁﬁh we get

sin(mrh) + 2sin(2mmh) + sin(3mrh)
sin(3mrh) + 2sin(4mwh) + sin) 5mrh)

.......

-1

PhH LH RHh ¢m = PhH LH 5 sin ((k-1)m7h) + 2sin(2kmmh) + sin ((2k+1)m7h)
sin ((N-3)mwh) + 2sin ((N-2)m7rh)+sin ( N~-1)mrh)
L”1 1 4cosz(mmh/2) sin (2kmnh)
hH H 4
sin(mrmH)
sin (2mwH)
2 p 1!
m hH H
sin((%‘— 1)mmH
2.2,2 2,2 2
(G 0y - Sy dyy) BTG 0o Sy by )
4 sin’ (rmh) 4 g2

m
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CGC* _ a2 2
Mh ¢m - Sm ¢m * Sm ¢N-—m

and

CGC _ 2 2
Mh ¢N—m - Cm ¢m * Cm d>N--m'

From the last two equalities we conclude

CGCx
M (as + Boy_ )

2 2 2 2 _
(asm + B.Cm)¢m + (asm + BCm)¢N__m =

u'¢m+ B'¢N_m’ m = ],2,-.-,N/2.

We denote this in matrix notation by

! S2 S2 o
1 2 2 \ /} - m h >
B8 Sm Cm B B

o denotes the contribution from the low-frequency component ¢m and B the

contribution from the high-frequency component ¢N—m'

Similarly we find for the amplification operator of the residual

o s, Si\ . gocex (%)
(8.) - <C§, Ci/(ﬂ) Tom L)

The effect of the complete TLA-algorithm on the low- and high-frequency

components of the residual is now described by

2 q 2 2 2 o)
C 0 S S c 0
—TLA ( m > { m m \ ( m )
(19) oM =\y 52 \ 2 2 7\ 0 2
m m ™ m

SZCZP+2q C2q82p+2
m m m m
SZqC2p+2 CZSZP+2q
m m m m
The eigenvalues of this matrix are 0 and

S202p+2q + 0252p+2q .
m m m m
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. —TLA
Therefore, the spectral radius of MhL is

TLA TLA

o(Mh = max |X 2N )

max |8 c2p+2q + 2 ¥Pr2q
m m m

with 02 = COSZ(ﬂmh/Z) and 82 = l—C2, m=1,2,...,N/2.
m m m

We find
TLA .
D(Mh ) =1 if p+q = 0
(20a) =1 if prq =
=1 ifprg=2
—TLA .
To compute p(Mh ) for large p+q we first see
n n+l
82 Czn < max (1-—t2)t2n = (T%—> (T%—) = % (1—~T%~) ~ 1 e_1
oM ostsd n/oAtTm n n
for n » o,
This shows that
—TLA 1
20b N
(20b) e ) ra)e

for (p+q) - =,

which describes the convergence rate of the two-level algorithm for large p+q.

In order to see what is the effect of a single TLA iteration step we

have to study “MhLA", the spectral norm of the amplification operator

—TLA // —TLA 'T TLA
N = e a1y (Gl DT G

m=1,2,...,N/2

= max
m

//;4C4p+4q + C4qs4p+q + Saq02p+4 + C4S4p+4q
mm m m m m m m

)

= max /(s“cAq +C s4q)(c + §*Py.
mm m

m



68

Hence,
lim sup 1M "* 1 ~ max //tz(l-t)2P+-(1—t)2 ¢2P //(1-t)2q+ £29
oo Ost<}
If p =0 and g = 0 we find

/_“_“’_“" h-+0
ﬂMhLA'H = max 2(s4+ cC)— //—‘

m
If g =0, p %0
lim lthLA ' = max »/t2+ (l-—t)2 (1-t)2q+ t2q = 1.
h~>0 Ost<}
If p=0,qg%0
lim IthLA I'=+v 2 max /tZ(l_t)Zq + (1—1;)21:2q .
h>0 0<t<}
1
¢=1 = 3,
q- = w/? max v t2(1--t)2(1 3 -——2 .
O<t<1 4
If p,q > 0

MhLA I w~ max /Sacqu C4p - max S2C2p+2q
m mm m m mm

>

ptq+l  ptgoe

Summarizing we see

(MELA M];[‘LA . 1 if p+q = 0, for h d O’

if ptq =1,

- Nl—

if p+q

]
N
"]

1

+m for (p+q) = .



nﬁ:LA I > V2 if
> 1 if

- % if

V2 .

-> E-é if

1 )

5> o if

e(prq) *
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q=20 for h ~ 0

q=1

q—>oo

(ptq) » =

T . .
“MhLA“ yields the same values, with p and q interchanged.

We conclude that relaxations after coarse grid corrections are of use

for a small norm of the amplification operator of the residual, whereas

relaxations before yield a small norm of the operator of the error.



70

4. EXTENSION OF THE DCP PRINCIPLE

Since a defect correction process is an iterative technique to solve
"hard" problems by means of "simpler" ones, we can apply this principle
iteratively or recursively again. The "simple" problem Fx = y may be approxi-
mated again by an even simpler one, etc. . On the other hand, if we are able to
solve a problem, we can try to solve nearby harder problems. In this way we
can try e.g. to solve a high-order discretization of a problem by means of a
low-order discretization of it. Or we may solve a discretization on a fine
grid with the aid of the discretization on a coarser one. Also, starting
with a coarse discretization of a continuous problem, we can try to find
more and more accurate approximations on finer and finer grids.

In this section we extend the idea of the defect correction process in
several ways. First we allow different approximate inverses to serve in one
iteration process and we consider the process obtained when a fixed combina-
tion of approximate inverses is used all over in a defect correction process.
Then we describe the iterative and the recursive application of the DCP and
in the last subsection we describe how more discretizations of a problem can

be applied alternately in order to get a stable and accurate approximation.

4.1. Non—stationary defect correction processes

In order to find a solution to the problem (P) it is not necessary to
use one fixed approximate inverse in an iteration process as described in the
the preceding section. As we anticipated in the example with Newton's method,
it is possible to use different approximate inverses in each iteration step.
Then the iteration steps of DCPA and DCPB read respectively

~

(4.1.1) g =% Gi+lFXi + Gi+]y,
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and

(4.1.2) L. =£L. -~ FG. L. + y.

1+1 1 1 1

A similar modification of DCPC can be given.

In this way we are able to adapt the approximate inverse during the
iteration and we can try to find sequences {Gi} in order to accellerate the

convergence of the iteration.

REMARK. We see that for general affine operators {Ei} we have no longer the
equivalence DCPA and DCPB. Instead we see DCPA to be equivalent with the

iteration.

(4.1.3) £i+1 = Fi+]ci£i - F GiKi +y,

or DCPB to be equivalent with

(4.1.4) F

or

. . = F.x, — .+
1+1X1+1 F1X1 F X1 ¥

~ ~ ~ /\l' 'y.
1. . = G. X. — G, .+ +
(4.1.5) X G1+1le1 G1+1F X, Gi+l
Various methods are known to find a proper sequence {Ei}. Here we mention

a few.

EXAMPLE 1. G, . = 5(xi).

i+1
The approximate inverse depends on the last iterand computed. This is the
case e.g. in Newton's method for the solution of non-linear equations, where
G(x) = F'(x))—l, with F'(x) the Fréchet derivative of the operator F in the

problem (P).

EXAMPLE 2. G, = G(u,).

The approximate inverse depends on a single real parameter. This is the case
e.g. in non-stationary relaxation processes for the solution of linear sys-

tems. The value w; can be taken from a fixed sequence of values or it can be
computed adaptively during the iteration process.

E . G. G.,G.}.
XAMPLE 3. G, ¢ {G,,G,)

In each iteration step the approximate inverse is chosen from a set of two
(or more) fixed approximate inverses. This is the case e.g. in Brakhage's

and Atkinson's methods for the solution of Fredholm integral equations of the
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2nd kind. (See ATKINSON [1976] and BRAKHAGE [1960].) It is also the case in

the two level algorithm in the intermezzo.

REMARK. From the pratical point of view (4.1.2) seems to be the more attrac-
tive of the two processes (4.1.1) and (4.1.2) because in (4.1.2) Ei appears
only once in an iteration step. This implies that only one approximate prob-

~

lem has to be solved, whereas Gi+1 appears twice in (4.1.1).

4.2. A fixed combination of approximate inverses

In this section we assume that the operator F in (P) and the approximate
~ R A
inverses G and G are linear operators. We consider two iteration steps in the
non-stationary DCPA in which, in turn, one or the other of two approximate

inverses is used. Then the iteration steps

1]

(I - EF)Xi + Ey

and

]

~ N
X1 (I - GF)xi+% + Gy

combine into a single iteration step of the form

~ ~ N R~ o~
X;, = (I - GR( - Ghx, + (G - GFG + G)y.

This is easily recognized as a new iteration step of the type DCPA, now with

the approximate inverse
G =G - GFG + G.

We conclude that a fixed combination of DCPA-steps can be considered as a
new DCPA-step with a more complex approximate inverse.
The amplification operator of the new DCPA process is the product of the

amplification operators of the elementary processes.

o_applications of the same approximate_inverse

We can describe the DCPA in matrix notation by
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o times an application of the same iteration step yields

o-1

~ P ~ o Iy
( xi+0) _ ( I-GF G \ ( %5\ _ ((I-GF) mZO(I—GF) c\ %\ .
\y N g I} y/ \ @ 1 } y/

TN

Thus, we see that one iteration step which consists of o applications of

DCPA-steps results in a DCPA with the amplification operator
M = (1-GF)°

and the approximate inverse

o-1
G= ] @-GM™G=r1- (1-em°1F L.
m=0
Since the operators F and G are linear, we may look at the combined process
as a DCPB as well; its approximate inverse being the same as for the DCPA,
of course, and with the amplification operator

M=rmr ! = (1-F5)°.

4.3. Iterative application of DCP

It is possible not only to change the approximate inverse G during the
iteration process, often it makes sense also to substitute different oper-
ators Fk for F during iteration. In general, the operators {Fk}k=1,2,...
will be simple to evaluate in the beginning of the iteration and they will
converge in some sense to the '"target' operator F, the operator of the orig-
inal problem, as the iteration proceeeds.

If we apply this technique, we solve (approximatively) a sequence of

problems (P of the form

Wk=1,2,...
(®) F X =y,

where we use the approximate solution of (Pk—l) as a starting value for the
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iteration of (Pk). This way of looking at the changing Fk yields a criterion
for the number of iterations that has to be spent to approximate the solution
of (Pk); viz. the iterand Xk,i in the DCP for the solution of (Pk) should not
approximate x;, the solution of (Pk), better than the solution of (Pk) is

itself an approximation to the solution of (Pk+]); i.e. we should not iterate

the DCP for (Pk) further than until

"xk,i - x;n s nx; - X;H"'

EXAMPLES la and 1b. One example of the iterative application of a DCP is the

IUDeC (Iteratively Updated Defect Correction) process described by STETTER
[1978]. Here {Fk} are discrete approximations of higher and higher order to

. . . ~ -1 .
an analytic operator F. The approximate inverse G = FO is kept constant

during the process.

Another example is the Full Multigrid Method (BRANDT [19791), in which

{Fk} are discretizations on finer and finer nets of an analytic operator F.

One way to create a sequence of problems (Pk) is Galerkin approxima-

tions of a "target" problem (P):

() R F R e TR Y
Then the different discretizations are determined by {ik,Pk}.

EXAMPLE 2. Global interpolation.
Herelﬁk = ﬁh is independent of k,

§£: c() -~ Kh(nh)

is the restriction of a continuous function to its values on a set of nodal

points Qh. The prolongation Pk is global piecewise polynomial
Pi £ (Q) ~ C(o)

of order k: the set of nodal values is interpolated to a continuous piecewise

polynomial function defined on Q. (Finite element interpolation.)

EXAMPLE 3. Local interpolation.

We take §£ = ﬁh as in example 2. Now P is local interpolation in the neigh-

bourhood of nodal points. I.e. Pk uy is a function which is (only) defined
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in (small) neighbourhoods of nodal points from @ The value of P,u, and its

h’ k'h

derivatives at gh € Qb are determined from the values of u at Eh € Q, and

h
a number of neighbouring nodal points by taking (divided) difference quo-
tients around £y In this case Pkuh is not mnecessarily a function defined on
the whole of @ [and the operator F is only applied on (open) neighbourhoods

of points in Qh].

The accuracy of successive approximations in a DCP iteration with different

discretizations of the same problem

Let us consider (different) discretizations of the problem Fx = y, viz.

i i o
Fh X = Yy with Fh : Xh - Yh for all i = 0,1,2,...,

and let X,Xh,Y and Y, be related by

h

Rh:x—>xhandﬁh:y—>¥h.

Let the order of consistency of the discretizations be P;» and let the first
discretization be stable. We will study the iterative application of DCPA,

with the equations F = Rhy to solve in the i-th iteration step and

l.=
h*h~ 7h :

with the same approximate inverse G, = (Fg)_

h in all iteration steps. Then
the DCPA reads

i
h” “n'n’ Y h “h

We are going to estimate the relative error of approximation for a finite number of

number of iteration steps:
k., = lu., - x I/ Ixl.
i Ui Rh /

THEOREM. For the relative error of approximation in the i-th tteration step

of the iterative DCPA procese:

k. = lu. - th Iy =,

1 1
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we have
~ _ 0 p
G - - 0
ky < Ichﬂ HRhF o Rh“ 0(h™Y)
k. <lIG I IRF - Fi'l I+ 1g 1 180 - Fi—]ﬂ k
i~ " h Rh h Rh h h h i-1
m%n_{Pj+(i‘j)P0)
_ O(hOSJSl ), i=1,2,... .
PROOF .

e o~ =0
up T R =GRy Y~ R x = G (RF = Fp R x.

The given estimate now follows from the stability of Fg
0

b

(i.e. Eh is uniformly
bounded) and the consistency of F

~
Uisp T BpX =y TRx = G Fpus v Gy oy

]

u, - th + Eh(EhFx - F;th + Fith - Fiui)

~ i ~ = i
(I, =G Fp) (u; =R x) + G (RF - FR )x.

Hence, for i = 0,1,2,...

i ~ - i
- . | - I.
ki+l < HIh GhFh I ki + uchl HRhF Fh Rh

Here again, the estimate follows from the stability of Fg and the consistency
i
of Fh. 0

COROLLARY. If

{ i
= 1 >
P, =P (i 2mn)

v

(i+D)p, @ <n)

then
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4.4. Recursive application of DCP

Generally, the evaluation of the approximate inverse operator Ei implies
the solution of an equation which is (essentially) of a simpler type than the
original equation. However, also this simpler equation may be of a kind that
we want to solve by means of a DCP. For this we need an even simpler equation
to solve, etc.. Thus, the execution of a single iteration step may activate
new (simpler to solve) DCP. In this way we can construct a recursive construc-—
tion of DCPs in which only on the lowest level of recursion a very simple
equation is to be solved.

Independently, this is probably not a real meaningful constuction, but
in combination with mon-stationary processes, where also other (non-recur-
sive) approximate inverses are available, it describes the essentials of the
multigrid algorithm.

Such a combination of a non-stationary process with some recursive ap-

proximate inverses can be described by the following sequence of DCPs.

DCPI: X: = x - El (le—fl) Ej j=1,2,...,n,
DCP2: X: = X - GZ,i(FZX_f2)
: : G € {E., FTl 1,
. . J»1 J -1 .
. . : 1= 2,3,...,n.
DCP_: x: = x - G_ .(F x-f)
n n,in n

A full use of the sequence of DCPs is made by combining also the iterative

application: first DCP. is solved and its solution is used as a starting

1

value for DCP2 etc.. In a multigrid context

DCPy, DCP,,..., DCP_,

' are processes to solve operator equations, discretized on finer and finer
grids. The complete iterative process is called: Full Multigrid Algorithm
(BRANDT [1979]).

4.5. Mixed Defect Correction Processes

Up to now we have considered DCPs where each time one final target

problem
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(4.5.1)(P) Fx =1y, F:X~>Y

was solved. In this section we treat the possibility of two (or more) differ-

ent target problems:

]

(4.5.2)(P1) le1 Yys F, : X. > Y

(P2) Foxy = ¥,, F, t X, > Y

to be used in one iteration process. Behind the screen both procedures (P1)
and (P2) probably are two approximations of an original problem (P), but the
operator F is not used in the algorithmic procedure.

We introduce first the approximate inverses G1 and G2 of the operators

F1 and F2 respectively. We assume that F], FZ’ El and 52 are linear. Then we

introduce the Mixed Defect Correction Process

w, ., = u, G, (Fu. -7y,
(MDCP) { 1+3 1 ~1 171 1
ivl ~ Yi+l T G?_(qui+§ - ¥y

Thus, the complete iteration step reads

(4.5.3) Ui < (I-'GZFZ)(I-G]F])ui + (I- G2F2)Gly1 + G

292"

We find for MDCP the "amplification operator of the error"
(4.5.4) M= (I- GZFZ)(I— GlFl)'
A stationary point U of (MDCP) satisfies

(4.5.5) (I-Mu= (I- G2F2)G]y] + G2y2.

In the case that Y, and y, can be written as v, = Rly and ¥, = Ezy,

.El : Y > Y

1 R2 : Y »> Y2’ equation (4.5.5) is equivalent with

(4.5.6) (G,F, + G,F, = G,F G F Ju = =(GR, + G,R,+ G,F.G R )y.
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If equation (4.5.5) has a unique solution u, this u is the stationary point

of (MDCP) and with the error defined by

the operator M has again the property

ei+1 = Mei.

For an arbitrary w we know

(4.5.7) (I-Mw = (I~ G2F2)G1Flw + G2F2w

and by (4.5.5) we find
(4.5.8) (I-M)(w=-u) = (I- Gze)G](F]w— yl) + G2(F2w- yz).

THEOREM
(1) Let (Pl) and (P2) be two discretizations of (P) with

R: X ~» XI; Rl HED S Y]; R2 Y > Y2;

and such that v, = ﬁly and Yy = ﬁzy;

(i1) Let the local discretization error of the discretizations (Pl) and
(P2) of the problem (P) be respectively of order P, and Pys

K ® Fk : X1 - Yk’ k = 1,2, be

stable discretizations of F and let Fk be conststent with Fs k=1,2,

~x-l

(iii) Let the approximate operators F. =G

of order q > 0;
Let u € X be the solution of (P) and let u be a stationary point of
(MDCP), then

1a- Ral < ¢ n®in(9y*PyaPy)

PROOF. From (iii) it follows that, with k = 1,2,

~ qk P
Ir - | if. i .
Fk Fk“ <Ch , Hle < C unif. in h
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Hence, for k = 1,2 we have

9 h->0

- Gka“ < "GkﬂﬂFk-Fk“ .Ch- — 0.

A
Q

Thus,

Imll < HI—-GlFlﬂ"I— G2F2H

A
(@}
A

for h small enough, and
-1
lz-M I <c¢

for h small enough.
From (ii) it follows that the truncation errors of the discretization with

respect to the solution u are of order P, and P, respectively:

Ty = yh-FkRu = RhFu - F Ru = (RkF F R)u = Tk(u)
~ P

}Tk" = ﬂrk(u)ﬂ <Ch ",

From (4.5.8) we derive
(I- M) (Ra- 1) = (I- GF)G@wm y) - 6, F,Ri-y,)

~

= —-(I- GZF )G 1 GZTZ'
Hence
~ -~ -] ~ ~ ~
IRu- ull < I(T-M) HHG2H{HF2-FZNHGIHHT]H+ “12“}
q P P
< ¢ . cfch?.c.nlt+n?
min(p,+q,,P,)

< Ch 1772772 . |

REMARK. The theorem can easily be generalized for more different target

problems

(Pk) R =y k=1,2,...,2.
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With Gk an approximate inverse of Fh’ Fk = Gk and Mk (1 Gka) we get
for the multiple MDCP

(MDCP) { Yitk/l T Yiek-1)/2 T Gk(Fkui+(k—1)ﬁe"Gk)’

k=1,2,...,L.

The amplification operator of the error is

M= MM, ... MM

271°
We find
-~ K ~
(1—M)@~Ru)=k£ MpMp_ | -oe M GoTy
and hence
- b o N
flu-Rul < (1-M) szlﬂcﬂﬂﬂ Z_Fﬂ" ... “Gk+1““Fk+1—'Fk+1““Gk““Tk“
£ Qptqp_,*.--+q, . *+P
< c W £ 32— k+1 Fk
=1
*
= ctf
. L
with p = min (pk+ z q.).

k=1,...,2 K+l 3

81
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5. THE PRINCIPLE OF THE MULTIPLE GRID ALGORITHM

5.1. The two-level algorithm TLA

The two-level algorithm is a non-stationary defect correction process

in which only two different approximate inverses are used:

(1) some relaxation method (e.g. Jacobi, Gauss—Seidel, the incomplete
LU-decomposition iteration, etc.) on the fine grid, and

(2) a coarse grid correction.

The approximate inverse in the coarse grid correction for the solution

_ . . ~ 1 = . .
of thh = fh is given by G, = P RHh' Thus a coarse grid correction

h " Pra Mw
step in the two-level algorithm reads

— —1 o —
(5.1.1) X =% + PhH LH RHh(fh thi).

One step in the two-level algorithm consists of p relaxation sweeps of the
relaxation method chosen, a coarse-grid correction step and again q relaxa-
tion sweeps of the relaxation method. Such a step of the linear two-level
algorithm for the solution of L u, = fh is described on the following ALGOL-

h™h
like program.

proc TLA = (ref gridf uh, gridf fh) void:

begin

to p do relax (uh,fh) od;

d := restrict (Lh* uh- fh);

solve (LH,v,d); # solves Lyxv=4d #
uh := uh- prolongate v ;

to q do relax (uh,fh) od

end;
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To this procedure the right-hand side fh and an approximate solution y, are
given; by the procedure the given w (i.e. ui) is updated and changed into
the new iterand Ui Clearly, the amplification operator of one step of this

linear two-level algorithm is given by

TLA TLA,p,q q il P
2 = = - - -
(5.1.2) Mh Mh (Ih Bth) <Ih PhHLH RHth)(Ih Bth) ’

where Bh is the approximate inverse of the relaxation process. The subscript
h denotes that the operator is related to the solution of the discrete prob-

lem thh = fh. The superscripts p and q, denoting the number of pre- and

TLA

post-relazations, are omitted in M if no confusion is possible.

In equation (5.1.2) we recognize the amplification operators of the relaxa-—

tion process:

REL

Mh = (Ih— Bth), or

(5.1.3) _REL
= = LyBy)s
and we may write
TLA,p, REL.q,. -1 -1 = ., =REL

5.1.4) w0 P Yo oaemmta i -p 1 RGP L,
or

wILA,P,q

B REL.q, -1 _ -1 =  ~REL.p
= L0 Ly~ Py by Ry G )7

(5.1.5) Mh

We notice that the operator

-] —] —_—
L " Pualy B

determines the relative convergence between the operators L, and LH.

h

The principle of a convergence proof for the TLA

Following the convergence proof for the multi-grid method as given by
HACKBUSCH [ 19801 and references therein] we unravel here first the convergence
of the TLA. Sufficient conditions for this convergence are formulated .

In a later stage it will be shown that these conditons are satisfied when
particular multigrid methods are applied to certain discretized (e.g.

elliptic) boundary value problems.
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In this section we assume that Lh : Xh > Yh and LH : XH - YH are related

discretizations of an operator L : X ~ Y. L, is the fine and Ly is the coarse

discretization, with meshwidths h and H respectively.

DEFINITION. If Bh is the approximate inverse related to some relaxation
process for the solution of the equation Lhyh = fh’ then the relaxation

process has a proper smoothing property of order a if
v -a
(5.1.6) ﬂLh(I— Bth) I < Co(v) h

with Co(v) independent of h
Co(v) - 0 as v > =,
Possibly v ¢ [0, vmax(h)], and vmax(h) + o as h > O.

REMARK. The proper smoothing property can also be written
REL, v -a
(5.1.7) HLh(Mh Y < Co(v) h

REL . .o . .
where Mh is the error-amplification operator of the relaxation. We can

write the property in terms of the residual-amplification operator as well:
—REL, Vv -a
(5.1.8) II(Mh ) Lhﬂ < Co(v) h 7.

EXAMPLE. In the intermezzo we saw for the operator Ah in equation (2) to-

gether with damped Jacobi relaxation

" 9 A si 0 ci 0\’
L (I-B L) = sup “ ——-( ) ( ) “
h h'h m h2 0 c2 0 52
m m
< max f%‘t(l—t)v m~£§ 1 for v » o,
te[0,1] h h

Hence, for this operator Ah, damped Jacobi has the proper smoothing property
of order 2.

REMARK. The additionm v ¢ [0,v (h)], with v (h) - « as h » 0, means
_= max max

that it is not necessary that the inequality (5.1.6) holds uniformly in h
and v.
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VvV > o

Figure 5.1. The region in the h-v-plane where the inequality

(5.1.6) should be satisfied is the shadowed area.

The convergence of the TLA algorithm is proved by showing that "MELA"

or "ﬁiLAH is less than one.
LYy

5

THEOREM 5.1.1. If

(1)  the operators Ly and L, are relative convergent of order o,
(ii) the relaxation process for Ly satisfies a proper smoothing property

of order a, and
(iii) the discretizations Ly and Ly satisfy the regular relative mesh
property.

Then the error-amplification operator of the corresponding TLA satisfies

TLA,p,O
I |
! X,
where C 18 independent of h and Co(v) +~ 0 as v > ». Possibly ve [O,vmaX(h)]

with vmax(h) -~ o gs h + 0.

<. Co(p),

PROOF.

yILA,P,0

- _ -1 = _ P
= (I~ Py Ly Ry L) Ty~ Bply)

-1 -1 = B p
= Ly ~Pop Ly Ryy) Ly (T = Bl
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ﬁMTLA’p’Oﬂ

575

A

- -1 R - p
P Lu RHh"Yh+xh "Ly (T~ Byly) uxh-»Y

h

cH . co(p)h’“

A

c.%@%(wm“smcﬁm- 0

Analogously we find a theorem for the residual amplification operator.

THEOREM 5.1.2. If the conditions (i), (ii) and (iii) of theorem 5.1.1 are

satisfied, then the residual amplification operator of the corresponding

TLA satisfies

“TLA, qu
IM uYh+Yh <C. Co(q),

where C is independent of h and Co(v) + 0 as v > ». Pogstbly v ¢ [O,vmax(h)]

with vmax(h) - ® g8 h » O.

PROOF.
—TLA,0,q _ _ -1 =
M = (1~ LB (L - LR Ly R )
=1 (-8 )%at-p 1TV R
n'Ih 7 Buly) Ty T Pygly Ry)-
nﬁm&oﬂ_uL(I—B D

X, ¥, ]' PhHL;] iﬁhuYh+Xh

Co (@) h ¢ ) ¢ H*

A

C. co(q)(H/h)“ < C.cy@. 0

REMARK. If, in addition to the conditions of theorem 5.1.1, we have

L . . .
ﬂMﬁE ﬂxh*xh < C uniformly in h, we find

Mh :P’QN < C. C(p),

5%

and analogously with ﬂﬁiELﬂY sy § C uniformly in h, we find
h "h

MhLA Podp <C.c(q).
h h
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5.2. The_linear multi-level algorithm MLA

Whereas in the two-level algorithm we have to solve a coarse—grid prob-
lem in each iteration step, in the multi-level algorithm we solve this prob-
lem approximately by the application of a few iteration steps of the same
multi-level algorithm on the coarse level.

As was explained in section 4.4, by recursion we now have to solve a dis-
cretized problem directly only on the very coarsest grid. When ¢ iteration
steps of the multi-level algorithm are used to approximate L_l, this multi-

level algorithm is described in the following ALGOL-like program

proc MLA = (ref grid uh, gridf fh) void:
begin
to p while ... do relax(uh,fh) od;
d := restrict (fh — Lh * uh);

if level of uh = 1
then solve (LH,v,d)
else v := 0;
to sigma while ...
do MLA (v,d) od
fi;

uh := uh - prolongate v;

to q while ... do relax (uh,fh) od

end;

By while ... we denote in the program that some iterations may be termin-
ated sooner, depending on the speed of convergence or other conditions that
can be checked during the computation. Multigrid algorithms that make use
of this possibility are said to have an adaptive strategy; algorithms where
the iterations are controled only by the fixed numbers p, o and q are said
to have a fized strategy. Although the adaptive strategy may be very effi-
cient (cf. BRANDT [1979]), the fixed strategy is better accessible for a
theoretical analysis.

For some fixed strategies, we show in figure 5.2 how is switched be-
tween the different levels of discretization. We see that - essentially -

most relaxation sweeps are performed on the lower levels.
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One iteration step in the multi-grid process (i.e. one call of the procedure
MLA) is also called one cycle of the multi-grid process. Iterative applica-
tion is also refered to as cycling. One multi-grid cycle is called a V-cyele

if 0 = 1; if 0 = 2 it is called a W-cycle.

h
level ”l H fig. 2a

3
2
‘ * 17
0 |
L h
_f- . fig. 2b . h

3 bt _J H fig. 2¢

2 3 ———t

! 2

0 1

0

-+ h
ﬂ g fig. 2d
3 i
2 _
1
: 1

Figure 5.2. The recursive structure of multi-grid

algorithms with a fixed strategy.

In all diagrams the number of levels is 4, the very coarsest level is de-
noted by 0. In each diagram la, 1b, lc or 1d, the basic structure on the
two levels h and H is given as well as the recursive structure on one cycle
at level 3. Segments between tick-marks on a level > 0 denote the execution
of a relaxation step on this level; a segment on level O denotes the direct

solution on the coarsest level.
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The different structures shown are:

2.

1 (NICOLAIDES 19791 p = 3, q = 2.
1, p = O (FREDERICKSON [1975] q = 3.
0 (HACKBUSCH [1979]1 p = 3, 0 = 2.

1

la. A general structure with p = 3, ¢ = 3 and ¢

1b. A structure with ¢

lc. A structure with o

1d. A structure with g

We denote the amplification operator of a multi-level iteration step
. . . L . .
on the h-level of discretization by Mﬁ A , or - if we want to specify the
number of relaxation sweeps and the number of coarse grid correction steps -

we denote it by

MLA,p,q MLAap$q30

Mo or m

The same amplification operator on the next coarser level we denote by M%LA.

In the multi-grid cycle the approximate inverse of the coarse grid correction
. . -1 = . . -1 . .

is not given by PhH LH RHh’ because in the algorithm LH 1s approximated by

application of o steps of a defect correction process. The amplification oper-
ator of this DCP is given by MgLA. Hence, as was shown in section 4.2, the

approximate inverse of the ¢ iteration steps together is given by

agH%) 1!

Consequently, the amplification operator of the coarse grid correction in

MLA is

and we have

MilLA - Mfl\LA,p,q,c

(5.2.1) - (MhRE Ut-p,, (M{fLA) )LH Ry Lh)(MhREL P

REL

_ wILA,P,q q A
=M * ( » PhH(MﬁL RHh L, ()

and
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A _ =TLA,p,q REL, q Ao -1 % —REL,p
.2.2) W= NG S o M M T

=M

The _principle of a convergence proof for the MLA

THEOREM 5.2.1. If the conditions 1), ii) and iii) of theorem 5.1.1 are

satisfied and in addition

iv) Py ¢ Xy - X s h-uniformly bounded and bounded from below,

v) (MiEL)p and (MiEL)q P X > X, are h-unt formly bounded (for all p suffi-
ciently large if q = 0), and

vi) p is sufficiently large.
Then

I 1LA P, a5 0 TLA,D,q)

X % < X% +cl nf;f"Au ;’erﬁ.

PROOF. From equation (5.2.1) it follows that

nMELA’P’q"’u < M%TLA’P’QH +

REL. q Ao -1 = REL.p
+ 106 IIIIPhHlIII}{?" A A S L

Further,

1

_ -1 = REL.p _ -1_ -1 = -1 REL.p
Por Ty Rgn Iy, ) = Oy~ Ppply Ry = Iy 0L 040

A
_ MgLA,p,O _ (MiEL)p_

Since PhH is h-uniformly bounded from below, a C > 0 exists, independent

of h, such that

-1 = REL,p TLA,p,0 REL.p
IILH RHth(Mh )IlscIIMh —(Mh YA,

and hence



91

ICEASPL G0y EM%LA’p’qﬂ +

TLA,p,0 REL

+C H(Mh Lyqy e, MﬂMgLAHO Iy, - o

< aMhLA Sl IR ey L)qauMgLAuG {HMELA’P’Ou MEEL)Pu}

iA

BMELA,P,Qg +C gMgLAﬂG {C. cy(p)+ C}

Pl;rLA’p’qﬁ + C HM;V:LA EG. D

THEOREM 5.2.2. If the conditions i), ii) and iii) of theorem 5.1.1 are satis—

in

fred and in addition

iv) Ry, : Yh > Yy zs h—unz%ormZJ bounded and bounded from below

v) (ﬁiEL) Mh : > Y, are h-uni formly bounded (for all q sufri-
ctently Zarge ifp-= 0), and

vi) q Zs sufficiently large.

Then

A,p,q,0 ~TLA,p,q —MLA,C
aﬁiL »P> 450 <1 »qy +C i 1 )
Yh—>Yh Mh Y**Yh MH YH*YH

h

PROOF. The proof is similar to that of theorem 5.2.1. From equation (5.2.2)

follows
HE':LA’F’q’OH ME_ELA’p’qH +
REL -1 p
SR TCun R M N aﬁﬂLAu IR, ! n( Lypy
and

—REL, q -1 = _ —TLA,0,q _ ,—REL
(Mh ) L Pt B ™M (Mh

» Since ﬁﬁh is bounded from below

Mh Ly Py Ly | = oty

and hence
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uﬁﬁLA’P’q’ou < nﬁaTLA’P’qn +

C. (uﬁiLA’O’qu + u(ﬁREL)qn)nﬁgLAu“nﬁﬁhuu(MﬁEL)Pu

IA

nﬂgLA’P’qu + {C. Cy(a) + c}uﬁgLAuU

nﬁiLA’P=qn +C uﬁgLAu“ . 0

A

COROLLARY. Using the results of section 5.1 we immediately conclude from the
hypotheses of theorem 5.2.1 or theorem 5.2.2 that

I M-;ﬂAA,P:q’Ou
SNEN

IA

C.c (p) + ™M
0®) *+ oty Yy

or

IA

"ﬁl‘Aspaqacn
Yh—>Y

Here the constants C, Co(p) and Co(q) are independent of the meshwidth h.

LA, O
C.C.(q) + CIIEHM I .
h 0 Y oYy

We denote the sequence of Jdiscretizations used in the MLA by

L Xh'k=f _

hk hk’ k =0,1,2, s
with lhol P |h]| 2 .... , or briefly by

L, X =f, k =0,1,2,.

Here k is called the Zevel of the discretization.

We define
TLA
(5.2.3) = | I
K th
and

5.2.4) K =1 Ay k=1,2,...
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If the conditions i) - vi) hold for the discretizations on all levels
1,2,..,k,... , then we easily derive from theorem 5.2.1 the recursive rela-

tion for Kk’ viz.

K. =K
(5.2.5) { ! !

e E i

From theorem 5.1.1 we know that Kk < C. C(p) independent of the level k.

A similar recursive 1s obtained for ﬂﬁgLAH .
k

If we sum up the work that is done in one cycle of the MLA-algorithm on level
level k, we find

1) p+q relaxation sweeps on level k

2) 1 fh - LhUh residual computation on level k.
3) 1 application of RHh
4) 1 application of PhH
5) 1 subtraction P, _v_ from u , and
hH H h
6) o application of a MLA-cycle at level k-1.

We notice that, for a differential problem, all computatioms in 1) ~ 5)

require O(Nk) operations if Nk is the number of unknowns in the system
Lkuk = fk'

Hence we write for the amount of work in one MLA-cycle on level k:

A REL A
ng < (orq) CTT N+ C N+ 0 wgﬁl’

" where CREL denotes the constant depending on the relaxation method.

If we assume that N = oN (usually o = Z-d, where d is the dimension

k-1 k’
of the original problem), we find

W < [pr)cth 4 CIN[1+0p+ 0) 2+ ..+ (00)K 114 o8 w’gLA,

where wO denotes the (approximate) solution of the problem on the coarsest

grid. Hence with op < 1 we find
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This means that WiLA is proportional to Nk’ i.e. as long as o < Nk/Nk~1 for

k = 1,2,... the amount of work for one multi-grid cycle is proportional to
the number of unknowns in the discretization Lkuk = fk'
The above operation count holds for a discretized differential equation,

where the number of operations for a relaxation or a Lh—evaluation is pro-

portional to N. For the solution of systems arising from integral equationms,
the work for L —evaluation is generally O(Nz). The same reasoning for dis-
cretized Fredholm integral equations therefore shows that the amount of work
in a multi-grid cycle is O(Nz).



